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PREFACE TO THE SECOND EDITION 


The present edition differs from the first in the following 
respects : 


(/) The experiments have now been grouped according to 
topics. The attempt at grouping revealed certain gaps 
and accordingly about ten new experiments have been 
added to fill these gaps. 


(//) Certain corrections and improvements have been carried 
out in the other experiments. 

(iii) This volume is now the first of a book of three volumes 
of 500 suggested experiments in school mathematics. 
The adjective ‘elementary’ has therefore been removed. 

(iv) The appendix on '36 basic principles underlying the 
experiments' has been considerably elaborated into a 
chapter on 'one hundred principles of mathematics 
teaching'. 

(v) A set of specially-prepared one hundred exercises has 
been included. These exercises are of three kinds (a) 
exercises to test the understanding of the experiments given 
in the book, (5) exercises to suggest new experiments to 
the readers, (c) exercises aimed at making the readers 
'think' in advance about some experiments included in the 
next two volumes. 3 

(vi) A chapter explaining the basic philosophy of new mathe- 
matics has been included. 


It is hoped that these changes will make the present 
edition considerably more useful than its predecessor. 

During the last two years since the publication of the 
first edition, training programmes based on this book have been 
conducted for the following groups : 

(/) 40 teachers of four Kanpur English-medium schools. 
(/i) 15 teachers of Delhi, Rajasthan, U.P., Punjab and West 

Bengal deputed by the Council for the Indian School 

Certificate Examination. 


( viii ) 

(ту 50 teachers of public schools of Mussorie. 

(iv) 90 teachers of Kanpur Corporation schools. 

(v) 40 parents of an English-medium school of Kanpur. 

Some typical comments of the teachers who attended these 
courses have been the following : "Mathematics has become alive 
to us for the first time”, "We envy our children who will be learning 
this exciting new mathematics", "It has been a thrilling experience 
for из". 

Other activities in this connection which may be of interest to 
the readers have been the following : 

(/) An exhibition of one hundred charts based on this book 
prepared by teachers of Kanpur schools. 

(//) Preparation of a set of charts and models by Kanpur 
Mathematics Study Group. 

(jii) Preparation of teachers handbooks for teachers of classes 
Гапа | by the Kanpur Study Group and the testing of 
these books at the National Workshop on School Mathe- 
matics held at I.I. T., Kanpur and attended by representatives 
of eleven States. 

(iv) Publication of Hindi edition of this book with translation 
of the author's article "Revolution in Elementary School 
Mathematics' and with 50 pages of exercises (all different 
from those given in the present book). 


(v) Publication of vol. || of this book With 200 more experi- 
ments and 100 more exercises. 


(vj) Preparation of vol. IIl of this book. 


(vii) Publication of my bóoks 'Insight into Mathematics, Book 
I’ (a text book for Class |) and its ‘Teachers Guide’ by 
the NCERT. 


(viii) Publication of the ‘Proceedings of the National Conference 
on School Mathematics by the newly formed 'Mathematical 
Association of India'. 


(ix) Publication of my book ‘New Mathematics for Parents’, 
(x) Publication of my book ‘Modern Mathematics for Teachers'. 


It has been suggested, at the highest level, that school 
teachers may be encouraged to teach courses on new mathematics to 


(ix) 


their students, on an optional basis and an all-India examination may 
be conducted to test the students and incentives in the form of 
prizes, book grants, certificates, scholarships may be given to the 
students, teachers and schools. It is believed that the three 
volumes of the present book will provide excellent texts for such a 
course. 


1 am grateful to Dr. В. В. Dikshit for his help in conducting 
the training programmes, to Shri J. P. Gupta for seeing the book 
through the press, to my publishers for the pains they have taken, 
to my colleagues of the Kanpur Study Group (Dr. S. K. Gupta, 
Dr. B. L. Bhatia and Shri P. K. Srinivasan) for their enthusiastic 
support, to members of the Study Groups at Delhi, Baroda, Bangalore, 
Jaipur, and Jadavpur for their cooperation, to principals of schools 
whose teachers have attended the training programmes, to Shri A. E. T. 
Barrow for deputing teachers to attend a training programme and to 
all the officers of the NCERT for their understanding cooperation. 


| would be grateful to those who propagate the ideas in this 
book and who send me their suggestions for improvement. 


I.I. T., Kanpur J. N. KAPUR 
15th Oct., 1969 


PREFACE TO THE FIRST EDITION 


The need for a revolution in elementary school mathematics 
was pointed out in a recent article.* This revolution has become 
necessary not only for the future of mathematics in India, but also 
for the future of all sciences and technology, since the habits formed 
in learning elementrary school mathematics are important for the 
entire learning and creative intellectual pursuits. of the children. 
This revolution cannot however be willed into existence. For 
bringing it about, hard work, clear thinking, controlled experimen- 
tation and careful planning are necessary. 


There is no doubt that creativity in children has to be encour- 
aged and children have to be encouraged to recognize patterns 
and structures in mathematics. Learning by drill has to be replaced 
by learning by understanding of principles. Some of modern mathe- 
matical concepts have to be taught to school children, but these are 
to be presented in a manner entirely different from the way in which 
these are usually taught to college students. It is this fact, coupled 
with the recent psychological discovery that children can be taught 
almost anything provided it is taught properly, that has necessitated 
a great deal of research and thinking about (/) What concepts should 
betaughtto children ? (//) What concepts can be taught to children ? 
(jii) In what manner these concepts should be presented to children ? 
(iv) How are these. concepts to be integrated ? (v) What audio-visual 
aids can be pressed into service ? 1 


С There are many teachers all over the country who аге prepared 
to experiment with new ideas, but they need new ideas and help. 
The present volume is a first step to provide such help. We have 
suggested here one hundred experiments which can be tried by 
school teachers. This will be followed by two more volumes 
giving more experiments. The feedback from these experiments 
can be used to improve these experiments and ultimately lead to 
the development of a sound curriculum of ‘new mathematics’ suited 


to our schools. 


*J. N. Kapur, Revolution in elementary school mathematics, Science 


Resource Letter, Vol. 1. This article is also included in J, М. Kanpur's : “Some 


Aspects of School Mathematics". 


(ох) 


For the success of these experiments, it is necessary that 
(/) Teachers willing and enthusiastic for experimentation be 
available. 
(ii) Proper training for these teachers through summer institutes, 
evening courses etc. be provided. 
(iii) Proper supervision of these experiments be arranged. 
(iv) Suitable audio-visual aids be devised. 
(v) Experimental text books be written. 
(v/) Proper encouragement and incentives for the teachers be 
given. 
(vif) Scientific evaluation of results be made. 


The class in which any particular experiment can be carried 
out has not been deliberately indicated, but has been left to the 
discretion of the teacher. In fact this will depend more on the cali- 
bre of the students than on the class to which they belong and the 
individual teacher knows best the calibre of his or her own students. 
At the present state of development of our school mathematics, 
some middle and secondary school teachers of mathematics may also 
find it useful to try the experiments with their students. 


These experiments have been taught to students of English 
medium and Hindi medium schools and to groups of elementary 
School mathematics teachers. The reactions have so far been most 
encouraging. In fact in many cases the teachers started with some 
diffidence but as the training progressed, they became more and more 
enthusiastic until by the end of the programmes they became com. 
plete converts and showed a missionary zeal to implement these 
experiments. 

It is hoped that the school managements, the municipal boards, 
State institutes of science education, State directorates of education, 
the national council of educational research and training, the national 
council of science education and other similar bodies interested 
in the development of school mathematics will conduct training 
programmes for these experiments. Itis also hoped that the summer- 

school trained secondary school teachers will agree to help in this 
work and will even take the initiative in organising these training 
programmes. It is also desirable that the elementary school mathe- 
matics teachers decide to organise study groups to understand the full 
implications of these experiments. The training programme can be 
organised during summer or other vacations (a fortnight should be 


( xiii ) 


more than enough), on Saturdays or Sundays or even in the evenings. 
The large scale adoption of these experiments will remove the pre- 
sent stagnation, give rise to meaningful and purposeful discussions 
and ultimately bring about a revolution in our school mathematics 
which is so vital for the development of our mathematics, science 
and technology. 


At the end of this book, basic principles which have motivated 
the present experiments have been listed. The readers will find it 
worthwhile to refer to these again and again and to discover for 
themselves as to which experiments illustrate each principle and 
which principles are illustrated by each experiment. 


This volume is being translated into Hindi and the translation 
will be available very shortly. A problem book is also being pre- 
pared to enable the students and teachers to have enough practice 
with the new ideas. The second volume containing more experiments 
is also under preparation. It is also hoped that it will soon be 
possible to prepare a set of standard charts and models to help the 
teachers in teaching these ideas. 


1 would welcome reactions from mathematics study groups, 
teachers and educational administrators. 


LIT., Kanpur J. N. KAPUR 
25th July, 1967 
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Introduction 


1. The Need for Experiments in New Mathematics 


School mathematics education is in ferment today. For the 
last twelve years or so, a revolution (picturesquely described as. the 
‘New Mathematics Revolution’) has been sweeping the world. This 
revolution has influenced hundreds of university mathematiciars, 
thousands of college teachers, tens of thousands of school teachers 
and millions of children and parents all over the world. The revolu- 
tion is in full swing today and from all accounts is going to gain 
momentum and continue indefinitely. The revolution is international 
in character and is the mathematicians’ response to the fast changing 
world of science and technology and since science and technology 
are continuing to grow fast, school mathematics will have to 
continuously adjust itself in this fast changing world. The sooner 
this fact is realised by educationists, the better it will be for school 
mathematics. 


However, the phrase ‘New Mathematics’ sometimes leads to a 
misunderstanding viz. that possibly either the earlier school mathe- 
matics was wrong or the mathematicians have found some new 
concepts which they are anxious to teach now to young children. 
The facts are as follows : 

(i) There was nothing seriously wrong in the mathematics that 
was being taught in schools, though it is no use denying 
that there was something wrong with it. 


(ii) The ‘New Mathematics’ is not new to mathematics though 
it is, to some extent, new for schools. 


(iii) Even when the topics are not new, the method of present- 
ing the topics is new. 

(iv) Inspite of this, we continue to use the phrase ‘New Mathe- 
matics’ since it motivates the teachers and parents to 
learn, it gives the children an excitement of participation in 
а new programme and it prepares governments for invest- 
ing more funds in mathematics education. 


The main guidelines for this revolution are the following : 
(i) Greater emphasis on mathematical structures ; 


(ii) Greater emphasis on modern language of mathematics and 
modern concepts ; 


(iii) Greater emphasis on modern applications of mathematics ; 


(iv) Greater exploitation of the discoveries of the last two de- 
cades in psychology of learning ; 


(v) Greater exploitation of teaching aids including computers ; 


(vi) Integration of enrichment materials with the course to make 
mathematics learning an exciting experience for children; 
and 


(vii) A deliberate effort to bring the basic ideas of modern 
mathematics to the school class room. 


The New Mathematics Revolution has involved a great deal of 
experimentation with new ideas. Some clarity has been obtained, 
yet the need for large scale experimentation continues. The need for 
experimentation under different cultural and educational conditions 
is equally important. 


The present book is a contribution to this experimentation on a 
Лагре scale. We suggest here 500 experiments which we believe will 
give the children the right perspective of mathematics, will make them 
active partners in the learning process and will make learning of 
mathematics as intellectually challenging, exciting and thrillin 
experience as it should be. 5 


Ambitious teacher can carry out the experi i 
significant changes in the curricula. What адаа Ree bg 
encouragement from the authorities, However before a teacher tries 
out some of the ideas in the class room, he should understand them 
with either by careful self-study or through in-service training pro- 
grammes. Where curricula have been changed, these experiments 
Should give a deeper insight into the letter and spirit of the changes 


2. The Case for a Revolution in School Mathematics 


(i) Mathematics is growing at an ex onential rat 
: itself in a period of about ten eats so that е ачаа 
one hundred times as much mathematics as we had in the 
beginning of this century. This explosion in knowledge 
can be a threat to mathematics education unless we take 
Steps in time to bring about revolutionary changes in 
curricula at all levels including the school level. 


(ii) Most of the research in mathematics durin this ce 
has been motivated by the desire for larity and Re 
understanding of the nature of mathematics. This research 
has revealed many simplifying and unifying ideas and it is 


+ 


^ 


(iii) 


but proper that we take these ideas into account specially 
when these ideas are as relevant to school mathematics as 
to college and university mathematics. This research has 
also revealed many general mathematical results and it is 
unfair to teach special results when more general results 
can be taught with the same effort. 


During the last fifty years, mathematics has found new 
applications in industry, social, management and biological 
sciences and our curricula have to take these applications 
into account. We cannot behave as if mathematics and 
its applications have not grown beyond the nineteenth 
century level; unfortunately most of our present day 
school mathematics is based on this assumption. 


(iv) A number of new revolutionary discoveries in psychology 


(0) 


(vi) 


(vii) 


(viii) 


(ix) 


of learning have been made during the last two or three 
decades e.g. we know how the children are capable of 
learning much more than we had thought them capable of, 
that some of the so-called advanced ideas of mathematics 
can be taught effectively to children, if these are presented 
properly, that children love to create and so on. In 
addition specific researches have been carried out in learn- 
ing of mathematics by Piaget, Dienes, and others and we 
should make use of these results, 


We have today many teaching aids like charts, models, 
films, radio, television, slide rules, calculating machines 
and above all computers and we have to find the optimum 
methods for utilizing these teaching aids. 

We have been completely static too long in a dynamic 
world. Our school syllabi have changed negligibly in 
spirit and content, during the last hundred years or so. It 
is not uncommon to find text books written forty or fifty 
years ago still being used in many schools. We have 
accordingly to accelerate our rate of progress at a revolu- 
tionary pace. 


The tremendous explosion in mathematics first influenced 
M.Sc. syllabi, then B.Sc. syllabi, then higher secondary 
syllabi and now it is influencing school syllabi even at the 
primary level. This process was natural and inevitable 
and a stage has now come where wholesale, rather than 
piecemeal, changes have become necessary. 


Revolution in school mathematics started in the West about 
twelve years ago. It reached our country about five years 
ago. The New Mathematics Revolution is a world-wide 
phenomena and it is going to have an important place in 
the history of science and mathematics. 


School syllabi were framed earlier to meet the needs of 
the world of nineteenth century and, to some extent, 


3 


the needs of science and technology of that period. Since 
this world has tremendously changed due to Space research, 
atomic research, computer revolution, cybernetic revolution, 
etc., mathematics syllabi have to change accordingly. 


(x) Mathematics has too long been taught by rule-of-thumb 
methods. The modern world is changing so fast that 
rules of thumb have no place. The children who join 
Schools now will come out as full citizens after fifteen or 
twenty years. Mathematics education should prepare them 
not for the world of 1850 or of 1890 or of 1920 or of 1960 
or of 1970, but for the world of 1980 and 1990. à 

xi revolution is making big changes in our life 

o A RuBucomputemmenerated mathematics has to be taken 
into account in school mathematics. Due to computers, 
a much larger proportion of the human race needs mathe- 
matical training today than that which required it even 
twenty years ago. Earlier we had to take into account 
mainly needs of physicists and engineers, today we have 
to take into account needs of medical and biological and 
social scientists and even of managers of industry, This 
also requires rethinking on a large scale, 


(xii) There are today sharp discontinuities in the habits of 
thinking required by present day school mathematics, 
college mathematics and research mathematics. These 
discontinuities present difficult problems of adjustment to 
students. The need for N.M.R. arises due to the need 
for bringing about a uniformity of habit of thinking at all 
evels. 


3. Some Notes on ‘New Mathematics’ and ‘The New Mathe- 
matics Revolution’ 


(i) The NMR has not yet taken place, pressures for it are 

building up and one day it may start and when it starts, it 
is going to continue indefinitely. In other words, only the 
first phase of the NMR has started, the more serious 
second stage has yet to start. 


(ii) The NMR so far has been inadequate to meet the needs of 
the times. The advance has been on the fringes. Discus- 
Sions have been superficial and thinking on problems has 


been shallow. Serious revolutionary discoveries have yet 
to start. 


(iii) One component of NMR is computer-assisted instruction 
(CAI) and teachers are just realising its importance, 


(iv) For bringing about NMR, mass media of communication 
have to be used to the fullest extent. 


(7) In NM, we have to project our plans twenty years in 
advance, 


(vi) 


vii) 


(xi) 


(xii) 


(xiii) 
(xiv) 


(ху) 


(xvi) 


The NMR has to take into account, but has not to be 
inhibited by, what we are teaching today. Its ambitions 
need not be limited by what is possible today. Ithas to 
find out what is possible under ideal conditions ie. with 
highly motivated students, highly trained and dedicated 
teachers, first rate text books and teaching aids and good 
physical conditions of. learning etc. After finding what is 
realisable, we try to approximate to these conditions as 
much as possible. Under ideal conditions, it may be 
possible to teach present M.Sc. mathematics in schools 
and do it better. 


In NMR, we believe in enabling children to connect many 
aspects of the world round them, to introduce them 
gradually to the processes of abstract thinking and foster 
in them a critical, logical but also creative turn of mind ; 
its main emphasis is on the learning process and on genuine 
understanding by children. 


The NMR faces the enormously difficult problem of finding 
the best sequence of presenting mathematical ideas out of 
the millions of feasible sequences, 


The final success of the NMR will be judged by the 
posterity, but the immediate success can be seen in the 
enthusiastic reaction of students and teachers. 


In future quite a good deal of elementary teaching will be 
done by machines and there will be some schools which 
will teach in schools what we teach in post-graduate 
classes today and will do a better job of it. 


The school mathematics teacher of the future will have to 
be much better equipped and will have to be much more 
mathematically alive than his counterparts today. 


The NMR sometimes results in loss of confidence by the 
school teacher. The society must do everything to give 
him help and assurance, 


Problem solving is as important in new Mathematics as in 
the classical mathematics. 

Industry has a duty, in its own interest, to support and 
finance NMR. 

NMR intends to find out the maximum possible accelera- 
tion for mathematics for a child and also to find out the 
maximum acceleration which should be given. The two are 
not the same. 

This is the first time in history when an overall view of 
curricular reform on a large scale in School mathematics 
has been considered and when the creative research 
Mathematicians and the primary school teachers are 
cooperating in a common endeavour, 


(xvii) The NMR sets great store by releasing the creative 
forces of the children. 


(xviii) The NMR encourages research in mathematics education, 
it encourages experimentation and flexibility, it believes 
that there is a tremendous scope for improvement and every 
teacher should be free to do research in the laboratory of 
his class room. h и 

1 1 tics 
xix) The NMR is based on the premises that good mathema: 
ee) can be learnt and enjoyed by a vast majority of children 
and not only by a small minority of talented children. If 
this was not true earlier, the fault lay not with the children, 
but with the educational system as a whole. 


( NMR does not imply that teaching sets, modular 
Ф ее number bases etc. will bring about a revolution. 
Much deeper changes are necessary. 


(xxi) The NMR believes in the physical, intellectual and 
emotional involvement of children in the process of learn- 
ing of mathematics. 


(xxii) The NMR believes, that children can and should be made 
to appreciate the intrinsic nature of mathematics and the 
full import of its cultural significance. 


(xxiii) In NM ‘memorization of rules’ and ‘use of recipes’ etc. are 
discouraged. 


(xxiv) In NM effort is made to give the child the joy of pure 


knowledge and thus to persuade him to make the mental 
effort necessary for learning mathematics. 


(xxv) The basic concepts that are emphasized in new mathematics 
are: structure, rigour, clearly defined vocabulary, correct 


proofs of theorem, generalisation, teachability and optional 
choice of topics. 


(xxvi) In NM there is a feeling that while, text books are useful, 


even these tend to petrify syllabi and thus inhibit experi- 
mentation. 


(xxvii) The NMR has brought home to every mathematician that 
school mathematics is also his responsibility. 


(xxviii) The NMR has meant more a change in way of looking at 
topics already in the school than achange in thecurriculum. 


(xxix) The NMR tries to bring mathematics and reality closer 
together. 


(xxx) In classical mathematics, there was a great emphasis on 
neat problems which had ‘nice’ answers. In new mathe- 


matics, approximate or numerical mathematics of the 
ugly’ variety has also a place. 


ну" "____ _ 


(хххт) 


(xxxiii) 


(xxxiv) 
(xxxv) 


(xxxvi) 
(xxxvii) 


(xxxvi i) 


(xxxi) In NM it is not enough to just write a good syllabus. 


There must be teachers who can inspire and who can 
create. à 

NM does not believe in ‘symbol-showing’ but in insight 
into what the symbols stand for. у 
NM believes in using children's пећ environment to give 


experiences for motivating the learning of mathematics by 
children. 


NM tries to demonstrate to the children how paper, pencil 
and thought alone suffice to give us undoubted power over 
the real world. 


The whole subject of learning and teaching mathematics 
today is so exciting and so much full of possibilities that 
we are capable of making a real great advance. 


NM encourages schematic learning rather than rote 
learning. 

NM allows children to manipulate situations, grasp the 
regularities inherent therein and finally derive conclusions. 


NM tries to understand and remove the causes of ‘number 
anxiety’ and ‘mathematical phobia’ in children. 


(xxxix) Abstract symbols and their abstract manipulation may be 


all right for the mathematicians. For the children these 
present many complex problems. NM makes an attempt 
to solve these problenis. 


(xl) In NM the first aim is to make the child appreciate the 


(xii) 


(xlii) 


(xliii) 


(xliv) 


(xlv) 


subject, then to give him manipulative skills and finally to 
coordinate these. 


Some features of NM are: children must do the discover- 
ing themselves, the teacher must find their interest, must 
encourage discussion and practical work must precede 
computational work. 


In NM, it is believed that if children enjoy mathematics, 
they will find time to do it and they cannot help doing it. 


In NM a teacher asks a question, the pupils try to under- 
stand it, try to think about a possible answer and put it 
in words. Thinking and vision come first, words come 
afterwards. In earlier mathematics, it was all words and 
words. 

NM teachers realise mathematics is interesting, enjoyable 
and full of vitality and they want to pass on this enjoyment 
and enthusiasm to their children. 

The goal of NM is not only to increase the amount of 
knowledge of the child. It is to create opportunities for 
the child to invent and discover. 


(xlvi) NM is easier for children than for teachers, for the former 
have nothing to unlearn. 
(xlvii) In NM emphasis is more on mathematical literacy than on 
numeracy. 
(xlviii) In NM-the child must himself feel that he is growing and 
should not wait for the result of a test to find this out. He 
should have a feeling of accomplishment. 


(xlix) In NM a teacher is a motivator and a source, rather than 
а mathematical indoctrinator. ' 


(1) NM is child-centred rather than teacher-centred or text- 
book centred. 
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One Hundred Principles 
of 


Mathematics Teaching 


In the remaining chapters of this volume and in all the chapters 
of the other volumes of this book, we shall be concerned mainly 
with the content of school mathematics. This chapter is, however, 
devoted to the pedagogic aspect. Good teaching is an art, but a 
teacher can always improve his teaching considerably by hard 
individual work, by deep interest in his students, by a dedication to 
teaching and by pursuing a long road of conscious individual experi- 
mentation and development. The following principles are meant to 
help the teacher in his noble task. The principles are based on the 
experiences of the author and of many other mathematicians, 
scientists, teachers and psychologists. The teacher interested in self- 
improvement will find it worthwhile to read these again and again 
and to interpret these in the light of his own experience. A good 
teacher should certainly be able to supplement these and improve 
these from his own experience. We now state the principles : 


(i) Manipulative skills in mathematics cannot be obtained by 
doing a large number of drill-sums. These can be obtained 
only by understanding the structures of the systems under 
consideration. Drill very often impedes the learning 
process since it makes learning monotonous and it makes 
the subject look trivial. Thus the intellectual content of 
school arithmetic is very little and the rebellion of the 
children against arithmetic, which is very often ascribed to 
the difficulty of thesubject, is really against the triviality 
of the subject. 

(ii) Students have to be given appreciation of not only local 
structures in mathematics but also of global structure of 
mathematics. They have to study not only isolated facts, 
however interesting, but they have to study overall relations 
between facts. They must learn to get ‘wholistic’ or 


*global view of mathematics. 


(ту 


(iv) 


(>) 


Gi) 


(vii) 


(viii) Students should be taugkt rigorous ma 


(ix) 


The ‘spiral’ approach should be followed. This implies 
that there should be repeated return to each topic in 
different classes, and each successive time we come to it, 
its treatment should become richer and deeper and its 
connections with other topics should be explored in greater 
details. 


Mathematics should appear to the students as a work of 
genius of the human race and as one of the gradest 
intellectual edifices constructed by mankind. Mathematics 
is a great intellectual enterprise of the human race and the 
student should get a feeling for its intellectual achieve- 
ments. They should however feel that it is a human 
achievement and they can also contribute to the develop- 
ment of mathematical culture. 


Mathematics ‘is a dynamic enterprise. Students should 
know that some of the unsolved Problems of the ancient 


process of solving of these problems, the mathematicians 
will come across more unsolved problems. This feeling of 
dynamism will Temove some of the mystery which is 


discover as much of 


The teachers’ role is 
to help the students in discovering mathematics. 


are modern, but because these 
mathematics material for the students, 


Such an extent that they should begi 


Mathematics should be taught not as a finished product 
but as an evolving discipline. The students should be not 


| 
| 


(х) 


(xi) 


(xii) 


(xiii) 


(xiv) 


(ху) 


only able to deduce theorems from given axioms, but they 


‘should also be able to formulate axioms for a given 


mathematical system. 


The teaching of mathematics in a purely axiomatic fashion 
not only inhibits students from applying mathematics, it 
also gives a wrong picture of present day mathematics 
which is very often concerned with new situations both 
within and outside mathematics for which thinking required 
is quite different from what is required for axiomatic 
treatment. 


The philosophy and nature of mathematical thinking 
should influence and be influenced by thinking around us. 
In mathematics, all operations are not commutative, but 
so is the case in ordinary life. In mathematics all order 
structures are not linear and partial orders are equally 
important, the same is true in everyday life. In 
mathematics we have to consider all possibilities, in life 
also neglect of any possibility leads to errors. Life deals 
with chance, mathematics develops a theory for the same. 
Mathematics teaching should aim at producing citizens 
who are rather precise in language, who are strong in their 
logical reasoning, who can handle abstract situations, who 
can generalise, who are not passive learners, who can 
detect fallacious reasoning, who can argue in depth, who 
have an appreciation for intellectual aesthetics and who 
have the willingness and ability to climb intellectual 
mountains. 


In mathematics, intellectual effort can be a real time-saving 
device. Students should not be given algorithms, they 
should find algorithms. 


Mathematics should never be taught improperly since 
improperly taught mathematics may confuse the student, 
inhibit good mathematical reasoning and may even lead to 
dislike of the subject. 

Mathematics can be taught with different degrees of rigour. 
In earlier classes intuition should play a dominant role and 
as the student progresses, the dose of rigour should be 
increased gradually. In the spiral approach, same topic 
is taught with different degrees of rigour at different stages 
of the spiral. The student should feel conscious at every 
stage how his present treatment is more rigorous than what 
he had got earlier. 


Even in teaching a topic in one class, degree of rigour can 
be gradually increased. The topic can be introduced in a 
purely intuitive way, its motivation can be based more on 
pre-mathematics than on mathematics and then gradually 
it should be made more precise, rigorous and abstract. 
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ble to see how imprecisely stated 
de Pei dede ее тоге апі тоге Precise, 
са d more rigorous, more deep and more and more 
qe = The teacher should enable the student to feel 
fe of rigour, precision, coon eni poe of 

i +s to class and also from ay to day. 

АИ АЕА same time feel that „the сое. pr 
rigour and abstraction means increase in power UR 
repetition of a topic in the spiral approach should п 
boring, it should be really illuminating. 


i i i bstract to 
i ncept is first introduced, it appears E c 
$25 Be PES A little familiarity with it makes it relatively 


ii unity of mathematics Should be emphasized through- 
ep A BAs opportunity should be taken to point out how 
different mathematical concepts are related with one 
another and how different concepts illuminate one another 


and how these relationships give great power to 
mathematics. 
{xviii) In every piece of mathematics, we start with certain 


hypotheses and our aim is to p 
student should be clear about the 
about the goal. He should be en; 


and he may be helped to compare the elega; 
of various paths, 


(xx) Though the Student may not be able to see himself the 
complete path from ‘what is given? $ 


proved’, he may be encouraged to supp. 
possible. 


Ir gradually increases in the con- 


j і topics in mathematics, it must be 
realised that Newer topics stil] have to be introduced more 
ог less intuitively, 


(xxii) In mathematics education, t 


he student Should build for 
himself a rich store house 


of intuitive experience with 
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(xxiii) 


(xxiv) 


(xxv) 


(xxvi) 


(xxvii) 


(xxviii) 


(xxix) 


(xxx) 


mathematical situations. The axiomatic logical basis can- 
not be built up satisfactorily without this experience. 


The teacher should employ multiple approaches in dealing 
with a subject. Each approach should supplement the 
other. The various approaches should preferably be at the 
same level of rigour. Different students will react to 
different approaches and perhaps everyone will find at 
least one approach suitable for himself. Different 
approaches may even lead to different generalisations and 
different further results. Some approaches may be simple 
but may not be capable of easy generalisation or may not be 
able to throw light on more general problems. Others may 
be more difficult but may have much wider applicability. 


When an important theorem is proved, its motivation and 
its significance should be clearly brought out. 


Whenever both a constructive proof and a non-constructive 
proof are available, the constructive proof should always. 
be preferred because it appeals more to the students. 

One of the strongest words in the learning process is 
‘motivation’. Whatever mathematics is done Should be as 
strongly motivated as possible. 


The teacher should decide what the basic ideas in mathe- 
matics are which he wants to highlight, which are funda- 
mental to the development of the subject and Which he 
should emphasize again and again. He Should build his 
teaching round these ideas. 


What precision is to Concepts, accuracy is to skills. For 
developing accuracy in the use of algorithms, checking is 
very essential. The student should be encouraged to 
develop his own checking rules by using the structure of 
the problem. The development of such rules will also lead 
to mathematical development on the part of the students. 


The discovery approach in which a student is asked to 
explore a mathematical situation on his Own, develops 
creativity, independent thinking and selfconfidence in the 
student. His innate interest in his feeling that his discovery 
is his own leads to a great Self-assurance, he is put into a 
competitive atmosphere with his class fellows and a greater 
concentration is obtained from him. His whole personality 
becomes completely absorbed in the learning process and he 
isnot going to forget what he has learnt through this 
approach. 

The discovery approach is slow, but the aided discovery 
approach is relatively faster. The student's correct discovery 
must be appreciated and he should regard it as his moment 
of triumph. His half-correct ideas should be used to lead 
him to correct ideas and mistakes in his wrong ideas 
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(xxxi) 


(xxxii) 


(xxxiii) 


(xxxiv) 


(xxxv) 


(xxxvi) 


(xxxvii) 
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should be sympathetically corrected. In no case the 
teachers should reject his correct solution simply because 
this solution does not agree with the teachers. 


Class room discussion method is very useful. The student 
is not prepared to reject a teacher's suggestion, but he is 
prepared to examine very critically a suggestion made by a 
class-fellow of nearly the same intellectual calibre as his 
own. The ideas that arise in discussion are also nearer to his 


own level of thinking and thus are more easily acceptable 
to him. 


Tricks and puzzles are often annoying to the students. To 
some students, mathematics even appears as a bundle of 
tricks. If however the theoretical bases of tricks and 
solutions of puzzles are examined carefully, it would lead 
to an increased understanding of mathematics and may 
throw welcome light on some otherwise obscure results. 
The role of exercises should be clearly understood. In fact 
one approach suggests that after givingthe basic definitions, 
most of the results should be given as carefully graded 
exercises. After the students have attempted these exer- 
cises, their solutions should be discussed in the classroom. 


The historical approach to the teaching of mathematics 
may be quite rewarding. This may be done by (a) giving 
some anecdotes about the mathematicians whose names 
may occur in certain contexts, thus giving a human touch 
to the teaching ; (b) discussing how various mathematical 
concepts arose as products of tbe social and historical 
conditions of times; (c) giving formal courses in history of 


mathematics; and (d) emphasizing mathematical creativity 
of individuals and groups. 


Discussion of unsolved problems will show mathematics as 
an open-ended discipline. It will provide motivation for 
learning mathematics to some students atleast. A list of 
such problems will always be useful to the teachers. 


Audio-visual aids should be fully exploited in the teaching 
programme. These include Dienes  multibase blocks, 
Cuisainaire rods, flannel graphs, geoboards etc. at the ele- 
mentary level and charts, models, film Strips, films, radio 
and television lessons at the higher level. 


The mathematics laboratory may prove a useful idea in 
teaching. It may consist of (a) experiments to discover 
patterns in numbers and forms ; (5) use of audio-visual aids 
tolearn mathematics; (c) use of programmed learning 
materials ; (d) mathematical games ; (e) charts, models and 
film strips ; ( f) physical experiments to verify laws; (g) making 
mathematical models for physical situations ; and (A) making 
of charts and models by the students themselves, 


^n 


(xxxviii) 


(xxxix) 


(xl) 


Enrichment material should constantly be used. There is a 
marked difference in calibre between bright and average 
students. Bright students can be given enrichment mate- 
rials to work with. 


Applications should always be used to motivate a topic 
both when it is introduced and when it is generalised. Both 
internal and external applications can bestrong motivations 
for learning mathematics. Applications also require a 
greater depth of understanding and also greater ingenuity 
on the part of the students. Applications should however 
be within the experience of the student or the experience 
should be capable of being acquired easily. The applica- 
tions should not also be trivial. 


Formulation of mathematical models for unfamiliar 
situations, deducing the Consequences and testing the 
validity of these consequences should be Part of the teach- 
ing programme. 


(ali) Every citizen has to use quantitative decision making. All 


efforts should be made to strengthen his capacity to do so, 
The transfer of learning of mathematical habit of thinking 
to other fields should be Positively encouraged. 


(xlii) The concepts of inequalities and orders of approximation 


(xliii) 


(xliv) 


should be introduced at an early stage, Orders of magni- 
tudes calculation to check validity of answers are useful. 
In many situations precise numerical answers are not 
wanted and are not warranted by the input and output 
Structure of the model. A mathematical model is an 
approximation to reality and the precision of calculations 
on the model should match the precision ofthe model it- 
self. Reasonable ‘rounding off’ procedures should be 
repeatedly emphasized. 


If a mathematical idea appears not to be understood by the 
students, the teacher must examine carefully whether he has 
himself understood it clearly and whether he has presented 
it clearly. The teacher has to make a conscious effort to 
understand all the implications of the mathematical idea 
and its relation with other mathematical ideas. He should 
present the concept from as many different points of view 
as possible. 


АП efforts to prove the completely plausible and obvious 
results lead to the feeling that in mathematics there is much 
ado about nothing. All efforts to Prove the utterly 
implausible lead to the losing of faith in mathematics, Such 
results are to be avoided. However when these have to be 
proved, special pains have to be taken to explain the need 
for such results. 
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(xlv) А drill material can be presented by any drill master, but | 
the presentation of concepts of mathematics іп а challeng- 
ing, stimulating and exciting fashion requires a great deal 
of effort in presentation on the part of the teacher. In 
order to elicit all the insights and creative responses from 
the student, the teacher has to be prepared to make such 
aneffort. It has to be recognized that the limits on the 
insights and creativity of the students are set by the limita- 
tions of teachers and teaching materials rather by the in- 
capacity of the students. » 


(xlvi) The teachers should know much more than what they have 
to teach. They should know enough to be able to answer 
any unexpected questions from enquiring bright minds and 
they should feel happy with such questions rather than feel 
embarassed by these. 


(xlvii) Carefully selected sequences of problems are important aids 
to teaching. These should not only illustrate what has 
been taught, these should also motivate further learning 
and these should make the students think and sometimes 
even think hard. ‘Discovery exercises’ i.e. exercises which | 
lead to discovery of patterns in mathematics and *discovery | 
problems' which lead students to discover mathematics | 
for themselves and which make the students feel that | 
mathematics is a field par excellence for creative activity, 
should be specially created and used at least with brighter 
students. 


| 
(xlviii) Students should learn what a mathematical proof really is. | 
Тћеу should be able to distinguish between а discussion 


which is a proof and one which has only the appearance 
of a proof. The meaning of such phrases as ‘necessary and 
sufficient conditions', *existence and uniqueness theorems', 
‘implies and is implied by’, ‘if and only if’, ‘proof by 
reductio ad absurdum’, ‘proof by cases’, ‘proof by 
induction’ etc. should be quite clear to the students. 

(xlix) Student projects are also a great help to the learning 
process. These are longer problems which require hours. 
and days, which require even independent reading by 
students and which have definite goals. 

(1) Teaching must take into account the impact of computers 
on mathematics education. Iterative processes, flow dia- 
gram, approximations etc. should be emphasized through- 
out. Teachers should familiarise themselves with computer 
programming, programmed instruction and computer | 


assisted instruction. 


(li) Every teacher owes a debt to his profession. His teaching 
will be considerably strengthened by his membership of 
professional societies, his reading of professional journals, 
his contact with scholars and other similar activities. | 


(lii) Successful teaching has to be creative. Every teacher 
should regard himself as a research scholar in mathematics 
education. Every teacher has to believe in continuing edu- 
cation for himself. Every teacher has to have a feeling for 
the psychology of learning of mathematical concepts. Every 
teacher has a rich laboratory in his classroom for experi- 
ments in mathematics education. 


(liii) The teaching programme should be so designed as to 
reduce the amount to be later unlearnt to a minimum since 
this process is painful both to the student and the teacher. 
The student Should be given intuitive and plausibility con- 
siderations only when it is necessary and then he must 
know the true nature of these considerations. It should 
not be necessary to tell him *what you were taught earlier 
was wrong, now we are going to give you the correct thing’. 

(liv) An attitude of intellectual honesty should be developed 

> among the students. The students should know what is 
being assumed and what has been proved, where there is 
lack of precision or lack of rigour. They should be aware 
of the imperfections in the arguments. They should not be 
indifferent to rigour, nor they should be paralysed by it. 
Discovery and proof are both vital in mathematics. 
Intuition and logic both have their places. The teacher 
should not tell lies to the students, but he should not tell 
them the whole truth for teaching the whole truth at one 
time will mean a completely rigorous treatment which is 
really out of question because of pedagogic difficulties. 

(Iv) The teacher must aim at quality both in his methods and 
content and this must be done irrespective of the fact 
whether students have desire to become mathematicians 
or users of mathematics or just intelligent citizens. Ugly 
mathematics has no place for any category of persons. 


(Ivi) Teaching by using the authority of the teacher or teaching 

by waving of hands or proofs by intimidation have no 
place in good mathematics teaching. The teacher himse f 
should be intellectually honest with his students. 

(vii) Teaching of mathematics should be integrated with the 
other subjects, as far as possible, specially in schools. 

(ут) The activities of students mathematics clubs and the 
teachers’ time spent in directing the activities of these clubs 
should be considered essential components of the teaching 
process. 


lix) In teaching mathematics, global axiomitisation should be 
T ама E possible. When this is not possible, local 


axiomitisation should be fully exploited. 


achi ics i «e the students 
(1х) The goal of teaching mathematics is to make the s 
| ibink in the same way in which mature mathematicians and 


17 


61 


WY} [92J jsnur juspnjs ou, Pəfqus əy} 10} uisersnujuo 
удтхо pue [22J jsw jsnur јоцовој ƏY} 's3urtp osou; 
Op OL -seopr pue үешәјеш MoU IYJ јој Sjuopnjs Ə} шош 
uonuoye poprarpun ures рив urea] o) FUIUIE2K oY} oje[nuujs 
Чзәләўш әѕпоге ој we Ајојезодцор рјпоц5 194983} ou 
‘Soeur 

-9gjeur MOU јој 1901980] pounjj? 108 JAVY sjuopnis ƏY} pue 
94 лоује темојеш MoU ЧИМ 11915 рүпоцѕ он 'алтогј SnorAe1d 
sq ur лројо ojnb охеш jou p[noo əy sxurgj oq ом 
syurod 25091 Ajrreo pue MƏNA Jorg е UHM 3295 р[поцѕ он 
"SSv[o SIY 0] Sururoo олојод sorpnjs [21905 10 2009105 [212098 
Әшрвәг uəəq oA? ABUL sjuopnis siy ‘ssejo əy} оў 5908 
94 злојод josfqus siy ur розлошш 4дәәр uooq олец ABUL 
ӘЧ зри y} одшошол рүпоцѕ лоцовој зопешоеш IYL 
"1004 

3X9) од) ur uoAI8 2500) шолу јполојир suonsənb esodoud 
©з sjuepnjs xse пәлә ABUL 9H sjuopnjs əy} oj suornsonb 
Surgua[[eq[o o10ur ward 9۸13 ошп ours од) зе рив зшоа oq; 
ure[dxo рүпоцѕ opp  "jueAo[o1 jou оле suorjsonb ay} JI поло 
рәќоцив 1voddv jou рүпоцѕ oy pue wool ssejo əy} opisino 
рив әріѕш јод suomsonb osesnoous p[nous зоцовој ay T, 
тиоцов јетрашол 

9perpourur 24р} p[nous əy pue ur Зшмоцој 30U st sse[o 
э 18U} Sins әд иво aq *}ї soqojeo juopnis ou spuy ou ji pue 
dis әувләдцәр в одеш A[[euorsvo9O uoAo Хеш он 'мој 
08 pjnoys oy pue o3ensuv[ 1пәләрир Apysys e UI јеџојеш 
эц звәдәг рүпоцѕ eu 'Surwo[[oj jou oie sjuopnis ou) 
39943 spug oy Jf `$әлтәзә1 SNY oy Мокдроој од) 0} Suryovar 
Si[3unsnfpe uo 08 рпоцѕ ay pue sjuopnjs sty JO 5оовј 
99) uo suorsso1dxo əy} зв Joo] Апјолео pnoys 134929} AJL 
шуу о} ooueqo əy} 

3uopnjs oq; Auap зои рјпоц5 3nq 5ушу ол18 Кеш лоцово) эці, 
"Subjurqi 2Anv919 Jo 2100 aq st 5522014 Зшүррпш eg ur 
01 твај5 зошозад 31 олојод ulo]qoid e uo punoie o[ppnur 
О} oavy Аеш juopnjs aq [, "шојдола e YUM 57880.35 st ОЦА 
iuspnjs е djoq oj зпотхив 1940 oq 10и p[nous 134923} ou T, 


4 "поцогјов |пјолео в әңеш o1 o[qe oq 
Ави ац ец} Os Аүтеүп8әт ƏSƏ} peor ујозшиј *osnoo jo “пш 
9H "Áreiqi əy} шолу odÁ juounjorruo əy} Jo зојопле pue 
51004 peor oj s}uəpn}s əy} обелпооџо рјпоц5 лоцовој au, 


'seninSrquie opqrssod dn 1e3[o 
Pinoys pue seopr juejrodur jsour əy} o1oosropun p[nous 
ЛәЧовә} IYL “PPY оф ur одројмошх спотлола ,sjuopnis ot 
Чим penoze ә дицогипоо Aq Surje[nurs pue [nj3urueour 
aow josfqns əy} одеш oj oun sty ојолор ләцеї рјпоце 
9H 55810 ay} ur {ооч 3x3} aq} Sunvodor ysurese piena 
pinoys 1әцәкә} oq], -Kieununs pue џопподол Áressooou 


(иххр) 


(xx) 


(пххр) 


(xxr) 


(xxr) 


(хахр) 


10] SE Там se sjuopnjs оф Aq suorssnospp pue ѕпоцѕәпЬ 
loj oum) вшњоје “ешәуеш Sure[nurns jsour 10 3uvj1odurr 
jsour AY} ЈО uonoo[os pareprsuoo e одеш рјпоцеон 'шоол 


7550[0 34} Ut [IBJOp Алола лолоз 0] AI} JOU рүпоц$ зоцово) әү], (тахј) 


"Sur }хәп o1njoo[ әше$ 
91 Sura! o1oypoq ojou sry} 3[nsuoo Кеш эц pue Зшуохә pue 
S3unso1ojur олош 91122] oq} epeur элец jggru og MOY ој 
S? Ә}ОП ? JJM Кеш 190599) ay} “әлдә е лојје Á[ojerpouruip 


“WOOL 55819 oy} ur Күүпјәгео yury} sjuopnis 
эү эуеш Кеш qorga suonsonb 9An?20A01d пәлә pue joodse 
попелцош oy} иеа рупоцѕ 94 “1 озлеоцаг пәлә рүпоцѕ 
pue ponad је ш qoa; ој seq oy јецм Ајоуепборе pue 


(шах) 


Al[njoreo oredoid pinoys 1ogoe; 94} *porzod Атәлә 91ojog (14x7) 


`Рр1®од Ховја əy} uo oovds SUNIIM əy} Jo osn оф oouvAp? ш 
sue[d pue pivoq оф JO 19109 putq 3jor әу uro1j водим 
531915 әц Jey} “рлеод од] uo s[oquiás pue siojo[ цдпопо 
PIOQ ѕәјім oq зе род sry ЧИМ рлеод 94} uo Зшуім E 
19402 JOU 5оор ay је “шоог о Jo 11ed Алоло шот) [QISA 
51 рлеод əy} uo Sura og; ey} "раеод 94} uo oie]d ou sr 
9199) JY} 225 рүпоцѕ он. "A[ssop10gro 91м ULI IJ YIM по 
Развод ховја poos v uo jsrsur snur TOLI} soreuroqjeur ој 


"Á103ovJsryes одпђ ore woor Ssep оф 
U! sjuouroguvire [vors&ud oy} yey} 225 р[поцѕ (2) pue ‘asn ој 
axl] Кеш лоцовој ou} spre Зшцәвә} oy} [је o1noo1d pue ued 
Р[поц$ (q) ‘zmb Pousisop-[[aM e 8шл8 Áq *osrnoo 9g 10; 
sousimbarard əy} [је mouy Á[[vo1 sjuopnis oy} лофоцм mo 
Pug р[поцз (7) лоцовој oui ‘asmoo mou v Suniejs o1oJog 


'Suro[qo1d jo urnrpuoduroo v 3snf se з рледол jou 
Pmoqs oH 'uojo ojnb yooq 3x9} oq] әѕп ој робелпозио 
за ріпоцѕ juopmis 24]. 009 1x9} o] Jo d[ou oui им 
JSUT 3r Jo 1891 əy} ләлодип 0} 3uopnjs oy} o[qeua рив H 
jo 1d v олоошп, рүпоц әң “ѕүгејәр ojo[duroo ur зодеш 
-эңеш UI 9SInOD € 1240, 01 шї JOU p[nous зоцовој эц], 


"e1eduroo оў pue ојеш52 о} *o1nseaur 0} 'A[oAn v? 

-nuenb yury} 0} шщ qr здеу puooos в ouroooq p[nous з 
тој] Áprep ur поло “ц8поц oAnejnuenb Jo sjiqey *juopnjs 
ayy ur eje»[nour рүпоцѕ зопешефеш jo Зштцовој au], 
`вопешәцуеш jo ә8еп8ирү or ш ушу поло pue IIM “peor 
01 9[q? од Хеш oy (ә) рив “Атәлцвәлә pue Авопио ушщ) о} 
9[q* әд Хеш oq (p) 'svopr sry osruv310 pue o1e[21109 01 2199 
әд Аеш oy (2) “Ап$®ә 3r j[v201 Кеш ay (q) *suonenis Mou 0} 
31 A[dde 03 o[qv oq Хеш əy (2) зец} Хем e qons ur juopnis 
3Y} 0} зопешошеш jo одројмопмх олт8 p[nous лоцовој aq], 
*10j SuD[10A ом SI pu? ојатовој 

Кроәјләй $1 [eos sty} jo зпошалогцов ou, "iun 935109105 


(4x) 


(41x1) 


(21x1) 


(ихт) 


(2x1) 


81 


(Ixxv) 


(xxvi) 


(Ixxvii) 


(Ixxviii) 


what he is learning is very important. He should have been 
given sufficient motivation for learning. The student should 
feel that learning mathematics is a highly exciting and use- 
ful process. 


The student must be made to see how the new topic is 
important, how the new topic 15 connected with what he 
already knows, how it will be related to what he is going to 
learn in mathematics and science. To learn effectively, the 
student must first have the desire to learn. He will have 
this desire if he understands why the new material is impor- 
tant and if he feels that he is making steady progress and 
he is getting somewhere. Nothing succeeds like success, even 
in the learning process. 


The teacher must go from the known to the unknown, from 
the familiar to the unfamiliar, from concrete to abstract, 
and from easy concepts to more difficult concepts. He 
should consolidate his gains as he goes along. He should 
define his terms carefully and state his theorems precisely. 
He should explain the meaning of each term and each 
‘condition separately. Counter examples are very useful for 
this purpose. 


The teacher should plan his examinations carefully to 
match clearly-stated objectives of teaching, to get a positive 
response from the students and to ensure reliability of 
results. 


'The teacher must realise that for effective mathematics 
teaching, there has to be capital investment in the form of 
good black boards, charts, films, video-tapes, overhead 
projectors, duplicating machines and even computers (for 
computer-assisted education and for evaluating in detail 
the responses of the students). The teacher must take every 
opportunity to impress on the authorities the need for these, 
but their non-availability should not prevent him from 
putting in his best. 


(Ixxix) The teacher must realise that mathematics can be taught 


effectively in some intellectually honest form to students at 
any stage of development. However, it will require creative 
thinking on his part to bring advanced ideas to the school 
class room. 


(Іххх) The teaching and learning of mathematical structures, 


20 


rather than simply the mastery of isolated facts and 
techniques, is at the centre of the problem of transfer of 
learning in mathematics. Good teaching that emphasizes 
the structure of mathematics is possibly even more valuable 
to the less able students than for the gifted students. 
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The teacher should aim at theoptimum intellectual develop- 
ment of each child and should not direct his efforts at good 
students only. 

Every mathematics teacher must learn modern mathematics, 
for teaching without this knowledge may not be exciting. 
The teacher should motivate intuition, should stress the 
value of shrewd guess and at the same time should 
emphasize the need for proofs. 


(Ixxxiv) If a teacher has a twinkle in his eyes, he gets a twinkle in the 


eyes of his students. A good teacher is one who teaches the 
least but draws power from his students. A teacher should 
have a rich and enquiring mind. He should ask why and 
not only how, he should seek satisfaction in accomplish- 
ment, he should be fully responsible and must have 
integrity, courage and high personal standards of per- 
formance. He must be dedicated to his students and to 


teaching. 

The teacher should emphasize and illustrate how in mathe- 
matics education, we continue steadily the process of 
learning to draw finer and finer distinctions between similar 
things and of organising them into more and more ela- 
borate structures. 

The teacher has to prepare his students for an unknown 
future, he should therefore emphasize the fundamentals of 
mathematics. He should prepare his students to grow 
with mathematics, heshould give them a feeling for the 
continuous growth of mathematics and he should develop 
their understanding of the relation of mathematics to other 
Sciences. 

The teaching of mathematics cannot remain healthy if i$ 
gets stagnant, if it gets into a set routine, if fresh ideas а Te 
not accepted, specially at a time when mathematics 
knowledge is advancing so fast. 

The present day teacher must realise that he is living on an 
exciting period of the development of mathematics educa- 
tion. At no time in history did -the teaching of mathe- 
matics present more problems, make more demands or 
offer the promise of a richer satisfaction. 

The teaching of mathematics needs to be better integrated, 
with contemporary applications in science, вочак 
technology. In fact these applications should often ђе ће 
vehicles by which the subject is introduced. 

The students should learn the language of mathematics and 
must be able to give clear explanations of fundamental 
concepts, statements and notations. He should know the 
basic algorithm. He should appreciate the power of 
abstraction and ofthe axiomatic method. He should be 
aware of the applicability of mathematics and of the 
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constructive interaction between mathematics and the 
sciences. He should be able to read mathematical literature 
at his level with understanding and enjoyment. He should 
grow steadily in mathematical maturity. 
Special care should be taken of the mathematically gifted 
pupils. They should be encouraged to read advanced 
literature, to sit in advanced classes and should have 
opportunity to discuss with their teachers. Mathematically 
gifted students аге an asset of the nation and they must 
be treated as such. 
Creativity is the heart and soul of mathematics. It must 
take place in. elementary classes, middle classes and high 
school classes. Curiosity and creativity are key-stones in 
mathematics. 
Mathematics education should provide understanding of 
the interaction between mathematics and reality, should 
make students understand that mathematics is based on 
intuitive understanding and agreed conventions which are 
not eternally fixed and that some complex things are 
sometimes quite simple and coversely. 
Since mathematics is a growing and dynamic subject, it is 
best taught by teachers who are mathematically alive and 
active, who read new text books and journals, who attend 
conferences, who write expository articles, who are making 
deliberate efforts to learn new mathematics, to teach new 
mathematics and even to create new mathematics. 
The teacher should emphasize the boundless wealth of 
deductions from the interplay of general theorems, the 
apparent remoteness of the deductions from the axioms. 
the intellectual nature of the subject and the great power 
of mathematics. 
The teacher of mathematics must not allow himself to lose 
touch with the living branches of his subject, he must find 
time or make time to keep his teaching fresh and vigorous. 
The teaching of mathematics should be so organised that 
the student gets acquainted with newer concepts as correctly 
and as early as possible. 


(xcviii) It is easiest to teach modern mathematics to the very young 
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children, for they have enquiring minds and their confi- 
dence has not been shaken by bad teaching. 

The mathematics teaching should aim to enable the student 
to appreciate the intrinsic nature of mathematics and the 
full import of its cultural and scientific significance. 

A teacher should carefully avoid the temptation to think 
that what he learnt at an advanced stage cannot be taught 
to young children. The sequence of topics in the present 
curriculum has not been rationally thought out an 
there is a great scope for improvement here. 
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Addition and Subtraction Operations 


[EXPERIMENTS 1—30] 


Experiment 1 : Recognition of Symbols o, І, 2, 3, 4, 5, 6, 7, 8, 


9 15 == 


Before children learn addition and subtraction, let them learn 
to recognize the symbols they are going to use. Four alternative 
methods for this purpose are given below : 


Method 1: 


Method 2: 


Method 3: 


Method 4: 


Get small biscuits made of the shapes of these symbols; 
ask children to recognize these. The child who recog- 
nizes the largest number of symbols is declared the 
winner and gets a biscuit. The child who recognizes 
all, wins a full set and is eliminated from the game. 
The game continues till every child recognizes every 
symbol. 


Write these symbols in random order on the board 
and ask the children to recognize these. 


Get these symbols written on tin plates or card boards 
or bottle tops and hang these by small nails on the 
wall or on the board and ask the children to recognize 
these. Alternatively call a child, ask him* to choose a 
particular symbol from a heap lying on the table and 
hang it on the board. If the child fails, ask another. 


Put all the symbols in a box or in a bag, ask each child 
to take one symbol from the box, show it to the class 


and speak it aloud. 


*Throughout this book ‘him’ will stand for ‘him or her’ and ‘he’ will 
stand for ‘he or she’. 
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Experiment 2: Some Methods for Teaching Addition 

Some of the alternative methods available for this purpose are 
given below : 
Method r: Adding with the help of the number line 


To find 24-3, the child draws an arrow for 0102 and then he 
moves 3 more steps from 2 to reach 5. 5 is the sum of 2 and 3. 
Similarly let him find 3+2 and verify that 2+3=—3+2. 


The figure shows addition of 6 and 2 and of 7 and 2. The same 
process can be done without use of arrows. The child says ‘1’, *2" 
and stops at 2. Не places one finger of left hand on 2 and then 
moves 3 steps to the right, saying ‘1’, ‘2’, and ‘3’ and then stops at 
5. The number line may be painted on the board and the children 
may work with chalk. Coloured chalks may also be used e.g., the 
first line may always be drawn in red and the second line in blue. 


Method 2: Adding with the help of magnetic counters 


The number line may be drawn on an iron plate suspended 
on the board. Two or three magnetic counters of different colours 
may be made. To add 2 and 3, first one counter is placed at 2 and 
then the second counter is moved 3 steps to the right from 2. 


1 ZUET S 4 ZG] ABD о 


Now suppose the second counter is placed at 8. The first 
counter can be placed at 1 or 2 or 3 or 4 or 5 or 6 or 7 giving, 


1+7=8, 2+6=8, 3+5—8, 4--4—8, 5+3=8, 6+2=8, 7+1=8. 


,, similarly place the second counter at 6 or 7 or 9 and ask 
children to place first counter in between and to read the addition 
pe Three counters may also be used e.g., the following figure 
shows 


2+3+4—9. 
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Method 3: Adding with the help of a ladder 


The ladder has nine steps. To find 34-4, 
the child counts ‘1’, ‘2’, ‘3’ and goes up 3 steps, he 
again counts 1, 2, 3, 4 and stops at 7 to give 
3+4=7. 

The ladder may be made of iron and sus- 


pended on the wall or board. The counter may be 
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made of a magnet in the shape of a child going up 


the ladder. 
Method 4: Adding with the help of two foot-rules 


To add 2 and 3, we place the two foot-rules on the table as 
shown above and slide the upper one till its beginning coincides with 
the 2 mark on the lower one, we read 3 on the upper one and find 
the number on the lower one corresponding to 3 on the upper one. 
The number gives the sum of 2 and 3. 


This gives the principle of the slide rule. 


ТЕ there is difficulty with ordinary foot-rules, special foot-rules 
may be made. Centimetre scales can also be used. 


Alternatively a foot-rule with two sliders may be used. 


0 7 2 39 4 5 € 7 8 9 10 


Method 5: Adding with the help of toys 


Toys can be placed on the table. Each child can be asked to- 
make a group of 3 (or 4) horses and another group of 4 (or 5) horses 
and then asked to find the total number in the two groups and to- 
Say e.g., that 3 and 4 make 7 (or 4 and 5 make 9). 
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He may pick up symbols for 3, --, 4, =, 7 from the table and 
hang them on the board and if magnetic symbols are available, he 
can first;put these on the iron plate to read 3+4 = 7. 


ОАО А О 


Method 6: Adding with the help of symbols 
The child may be taught to read each of the following : 


as 3+5 = 8. The two groups of symbols may be drawn by using 
different coloured pieces of chalk. 


Three groups may also be used, e.g.; 


A large number of such examples can be constructed. 
Experiment 3: Some Methods for Teaching Subtraction 


Some of the alternative methods available for this purpose are 
the following : 


Method х: Subtracting with the help of the number line 


To subtract 5 from 7, we first move seven steps to the right on 
the number line and then 3 steps to the left. 


Thus figure illustrates 
7—3=4 
6—4 = 2 
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Arrows towards the right may be drawn in red and arrows 
towards the left in blue. 


Method 2: Subtraction with the help of Magnetic Counters 


0 1 2 3 4 5 6 7 8 3 10 Ш 


Move the red counter 7 steps to the right. Starting from here, 
move the blue counter 3 steps to the left to give the final position as 
4 so that 7—3 — 4. 


Method 3: Subtracting with the help of the ladder 


Here to subtract 3 from 7, we first go 7 steps up and then 
‘come 3 steps down. 
Method 4: Subtracting with the help of foot-rules 
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To subtract 3 from 7, invert the second foot rule and place it 
as above. The number on the original scale corresponding to 3 on 
the second scale gives 7 — 3 = 4. 
Method 5: Subtraction with the help of toys 


Put some toys on the table ; ask a child to choose any number 
of toys, say 7. Ask him to give 3 to someone and ask how many 
remain. Instead of toys, we may even use match box sticks or 


tooth-pricks etc. 
Method 6. Subtraction with the help of symbols 


oo 
aA oo 
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Each of these figures represents 7 — 3 = 4. 


Experiment 4: The Place Value System 

For teaching this important concept, the first step is to teach 
the children how to write numbers in tens and units. For this 
purpose give 30 to 40 sticks (match box sticks or tooth-pricks) to 
each child and ask him to make bundles of ten each and bind these 
with flexible rubber bands and write the numbers as : 

Tens Units 
3 6 
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Each child may come to the board, write his number of tens and 
units, show the sticks to the class and say “I have got 3 tens and 6 
sticks, i.e., 36 sticks" and so on. 


Experiment 5: Number Board 


There is a 10x10 number board of the shape indicated im 
Experiment 23 in one corner of the room. Each child is given certain 
number of sticks. He makes them into bundles of tens, comes and 
places these bundles and single sticks on the appropriate square; the 
teacher checks. If it is all right, the child goes back to his seat, 
otherwise the child tries again. 


Experiment 6 : New Names for Numbers in English 


Let the children use names tenaone, ten-two, ten-three, ten-four, 
ten-five, ten-six, ten-seven, teng-enin, ten-nine, instead of the present 
names viz., eleven, twelve, thirteen, fourteen, fifteen sixteen, 
seventeen, eighteen, nineteen respectively. These names (i) are 
simpler to remember, (ii) are based on the same principle as the 
names of numbers after twenty, (iii) are based on the place value 
system according to which we should indicate first the number of 
tens and then indicate the number of units, (iv) save the children the 
effort in remembering nine new words, thus reducing the labour of 
remembering twenty-eight words to that of remembering nineteen 
words only, (v) saves confusion which occurs now-a-days in spoken 
language between thirteen and thirty, fourteen and forty, etc., a 
confusion which arises because e.g,. thirteen and thirty are alterna- 
tives for three ten and three tens respectively. 


„Even otherwise the words eleven, twelve only remind us that at 
one time twelve was used as a base and the words, thirteen, fourteen 
etc. are unscientific since they place units first and ten afterwards. 


Experiment 7: New Names for Numbers in Hindi and 
Other Languages 


In Hindi, at present the children have to remember all the 
hundred words separately and children spend three months in 
remembering names for ten one, ten two, ten nine, twenty one, 
ee nine etc., and this is an unnecessary strain on the children 
T ich very often causes avasion to mathematics. Let the children 
earn the words ‘dus ek’, ‘dus do’, ‘bees ek’, ‘bees do’, bees nau 


ч , : nm а ч 
chalees naw’ etc. in Hindi. This will mean reducing the labour for · 


cud from that of remembering one hundred words to that О 
mbering only nineteen words, a substantial saving indeed ! 


Experiment 8: Adding Number of Two Digits without 
Carrying 
m can be done by using any of the above methods : 
7) number line (ii) ladder (iii) magneti 1 
TE netic counters (iv) toys 
(У) symbols (vi) using the foot-rules (here for айар smaller C tee 
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use inches, for adding bigger numbers use centimetres and for adding 
still bigger numbers use metre sticks or get special rules made for 
each case). 

Alternatively give each child two bundles of sticks. Thus 
suppose one child gets two bundles of 14 and 23 sticks. The child 
opens the first bundle, arranges it in one bundle of ten and gets 4free 
sticks. Similarly he opens the second bundle, he gets two bundles of 
tens and three free sticks. He gets in all 3 bundles of tens and seven 
Other sticks. He writes 


Tens Units 
1 4 
2 3 
3 7 


so that 144-23 = 37. 
Each child practises in the same way. 


Experiment 9 : Adding through Addition of Tens 
1 ten+2 tens = 3 tens i e., 104-20 — 30 
3 tens +4 tens = 7 tens ie., 30+40 = 70 
2 tens+7 tens = 9 tens es 204-70 = 90 
144-23 = 1 ten+4+2 tens+3 
і = 3tens+7 = 30+7 = 37 ' 
ог 144-23 = 104-44-20 +3 
= 30+7 = 37. 
Experiment 10: Adding with Carrying 


Any of the methods of experiment 2 can be used. Alternatively 
to add 14 and 27, give 14 and 27 sticks. The child gets 1 bundle of 
ten and 4 free sticks from the first bundle and 2 bundles of ten and 7 
free sticks from the second. Thus he gets 3 bundles often and 11 
single sticks, From these eleven single sticks, he again gets 1 bundle 
of ten and one stick, so that the total number of sticks gives 4 


bundles of ten and | single stick. 


Tens Units 
1 4 
2 7 
4 1 


Alternatively 
14427 = 1 ten+4+2 tens+7 = 3 tens+11 


3 tens+1 ten +1 = 4 tens +1 


| 


= 40+1 = 41 
ог 14497 = 10--44-20--7 = 30411 = 30-1041 
= 4041 = 41. 
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Experiment 11: Subtracting by Matching 


To subtract 14 from 21, we take two bundles of 14 [and 2r 
sticks. Then we pair one stick of one bundle with one of the second 
and remove both. We continue till all the 14 of the second bundle 
are exhausted. We are left with 7 sticks from the other bundle. 


This gives 21—14—7. 
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Experiment 12: Subtraction without Borrowing 


For subraction, we can use any of the methods given in experi- 
ment 3. We сап use also the concept of tens and units. Thus to. 
subtract 11 from 23 we write 

23—2 tens+3 

11=1 ten +1. 


On subtracting, we get 1 ten -2—12. We can also do this as. 
follows : 


23—11 
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(2 tens-- 3) —(1 ten+1) = (2 tens—1 ten) + (3—1) 
= 1 јеп+2 = 104-2 = 12 
or 23—11 = (20+3)—(10+1) = (20—10) +(8—1)—10+2—12. 
For the second approach, we have to introduce the concept of 


parenthesis first, if the child does not already know it. From the 


earlier experiments, he already knows that we Subtract tens from tens 
and units from units. 


Experiment 13: Subtraction with Borrowing 


break up the second bundle as 1 ten+1 ten--1 = 1 ten--11l. Now 
get 8 and subtracting 1 ten from 1 ten 


21—13 = (2 tens -1)- (1 (еп +3) = (1 ten +1 ten + 1) —(1 ten + 3) 


(1 ten+11)—(1 ten +3) = (1 ten—1 ten) +(11—3) 
= 0 ten+8 = 8, 
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Experiment 14: Different Names for Numbers 


We can write 4 in many ways, e.g., 


4= 1+3 = 242 = 3+1 = 5—1] = 6—2 = 7-3 = 8—4 
= 9—5 


1 Let the children speak similar exp 
in as many different ways as possible. 
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ressions for 0, 1, 5, 9, 1 ],.etc- 


=“ 


Now 9, 1+8, 24-7, 3+6, 3+3+3, 10—1, 11—2 etc. are all 
different names for the same number. 


The concept of number is an abstract concept. We use symbols 
9, IX, e, ПИ etc. to represent the same number. 


The written forms are called numerals. What we write is a 
numeral, what we think isa number. Numeral is a symbol for a 
number which is a concept. 


Experiment 15: Use of ‘Renaming’ instead of ‘Carrying’ and 
‘Borrowing’ 


Let children add 58 and 34. Then first add units 8 and 4. 
Another пате for 8+4 is 10+2, We give this name. Another 
name for 50+30+10 is 90. We give this name and find that 
another name for 58--34 is 92. Thus the problem of finding 584-34 
is that of finding name for this number which is ‘single’. Thus 
58+34 = 50+8-30+4 = 50--30 +10 +2 = 90 +2=92. We arenot 
‘carrying’, we are just ‘renaming’. 

Similarly let the children find 54—38. Wecan rename 54 as 
40+10+4 or 40+8+6 and rename 38 as 30+ 8 and then carry out 
the subtraction process. The children can thus avoid the terms 
‘borrowing’. Thus, ‘carrying’ and ‘borrowing’ can both be avoided 
by using a more general term ‘renaming’. 


Most problems in mathematics, even at the highest level are of 
‘renaming’, and this process makes mathematics a very useful 
Science. : 


Experiment 16: The Game of 5 Ladders 


Ask a child to subtract 5 from 6, 4 from 5, 3 from 4, 2 from 
3 and 1 from 2 in the first ladder. If he is successful, he goes to the 
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second ladder and subtracts in the same way. If he succeeds, he goes 
to the third ladder and so on. 


Nextask a child to add all the elements of the first ladder. If 
he succeeds, he goes to the second ladder and adds all the elements. 


In this way he continues till he completes both addition and 
subtraction from all ladders. The game continues till each child has 
come down and gone up each ladder. 

Experiment 17: Addition in Magic Squares 


Totaleach row, each column and each diagonal (See figure 
below). 


Ask the children to form more magic squares from a given 
magic square by : 


(i) adding some number to each cell; 

(ii) subtracting some number from each cell ; 
(iii) multiplying the number in each cell by a given number ; 
(iv) dividing the number in each cell by the same number ; 


(у) interchanging first and third row orfirst and third columns 
in a 3 X3 square ; and 


(vi) rotating square about its centre. 
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Experiment 18: Addition in Magic Double Crosses 
Examples are : 


D 


OO 


де? the children to construct new magic double crosses either 

ESLSCHY/OD by interchanging two rows or two columns. 

Experiment 19': Addition in Magic Triangles and Hexagons 
Examples are : 


DONA и ЫҢ 


Ask the-children to construct new magic triangles. An example 
of a magic hexagon.is the following : ZA 


Each number from | to 19 has 
been used once only 

The sum of every row containing 
3jhexagons is 30 | 16 

The sum of every row containing 
4 hexagons is 40 

The sum of every row containing 


5 hexagons is 50 


Let the children verify these facts and construct such examples. 


Does the figure remain a magic hexagon if the children add the 
same number (say 3 or 5 or 11) to each cell or subtract the same 
number (say 1) from each cell ? Let the children verify. 


Experiment 20: Recognizing Number Patterns in Addition 
and Subtraction 


Consider 1, 2, 3, 4, 5, کے کے کے کا‎ ZE 
Here each number is аа bU. E 1 to the preceding number 


so that the next two numbers are 7, 8. 


Consider 15, 13, 11, 9, 7, - — —— —— ———— ————— 
Here each number is obtained by subtracting 2 from each preceding 


number so that the next two numbers are 5, 3. 

In this way, ask the children to write the next three numbers 
in each of the following sequences : 

1, 3, 5, 7, 9, 11, 13, -———— 5 ; : 

1, 4, 7, 10, 13, 16, 19, —— — —, ; > 

15 T4515 OR 10, ————. - у 

21, 18, 15, 12, — f ў 

DIS RAM ————— 3 4 


You can construct other similar examples. 


Experiment ах : Addition Clocks 


The clocks are fixed on the board. One child points the 
pointer to some number in the first clock, the second child does the 
same for some other number on the second “clock. The third child is 
required to point the pointer to the sum in the third clock. For longer 
numbers, bigger clocks with more numbers can be constructed. 
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Experiment 22: Subtraction Clocks 


The same as in experiment 21, but the second child points 
to a number smaller than the first. The third child can mentally count 


on the first clock how many steps it has to go backwards to reach the 
number on the second clock. 
Experiment 23: Variations of Snakes and Ladders 


F The game can be played on a horizontal floor or on a vertical 
iron plate with magnetic counters of different colours. The teacher 
throws a dice and asks the first child to moye without touching the 
board at the intermediate points. If the child makes a mistake im 
addition, he remains in his earlier position. The second child then 
moves his counter. Five or six children can play. The child who 
Teaches the top first wins. 


Instead of using one dice, the teacher can use two and the child 
May be allowed to move a number of steps equal to the sum of the 
Number of points. This will teach the child how to add mentally 
Dumbers up to 12, Alternatively we may use tickets numbered 0, Í, 
ЕРЮ) The teacher draws one at a time and the child moves the 
Corresponding number of steps. The teacher replaces the tickets before 


Tawing the ticket for the next child. 
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The game of snakes and ladders can also be played in reverse 
for subtraction. 


For this purpose, children will start at 100 and move downwards. 


Subtractions have also to be done mentally. The child who reaches 
<P first wins the game. 


Experiment 24: Forming of Addition Table 
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For addition of 2 and 5, we move alo the row of 2 and ih move 
down along the column of 5. We get the sum at the intersection. 
‘The teacher may draw iu lines t he board and ask eac child to 
complete a row ога со пп. 


The table can be used for quick addition of numbers remem- 
bering of addition facts, and to get partitions of numbers, ke 
16=6-+10=7+9=8+4 8=9+7=10+6. 


The children can also make similar addition tables for numbers 
from 11 to 20 or 21 to 30 etc. 


Experiment 25: Practice in Addition Process; Reversed 
Addition Process 


Usually children are given a large number of disconnected 
problems for addition. The children may find it interestingto do a 
single chain of problems in which they themselves form new problems 
and solve them. The following illustrates one possibility. 


Reversed Addition Process : 
Give the child a 4-digit number. Ask him to reverse the digits 
and add the number thus obtained to the original number. If the 


sum is a number of more than 4 digits, ask him to omit the unit digit. 
Again let him reverse the digits and add the two numbers. He may 
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continue the process eight ог ten times and he may discover interest- 
ing patterns in this process e.g., ; 


1020 1934 
+0201 +4321 
1221 5555 
4-1221 +5555 
2442 1111 
+2442 +1111 
4884 2222 
+4884 +2222 
9768 4444 

+ 8679 +4444 
18447 8888 
+4481 +8888 
6325 1777 
+5236 +7771 
11561 9548 
+6511 +8459 
7667 1800 
+7667 +0081 
15334 1881 


The children will find many times numbers which do not change 
by reversing, Many times they would find cycles e.g.. 
88 * 


88 


The children may be asked to find all two-digit numbers which 
have cycles, all three. digit numbers with ‘1’ in the unit place which 
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have cycles and so on. They may Jike the fun and in this process get 
a lot of practice of addition. 

A modified reversed addition process can be defined in which 
when we get, on addition, five digit numbers we neglect the digit on 
the left. The children can find cycles for this process also. 

Another interesting version arises when a child starts with a 
two-digit number, reverses it and adds it to the original number and 
continues the process till he gets a ‘symmetrical’ number i.e. a number- 
whose digits from left and right are same. He will always succeed. 

Different children can start with different two digit numbers and 
it can bea project for the whole class to find the number of steps 
required to reach a symmetrical number for all numbers from 10 to 99. 


Experiment 26: Reversed Subtraction Process : 


In this process, we take a number of a certain specified number 
of digits We reverse the digits and subtract the smaller number from 
the larger. If the number obtained after subtraction is of smaller 
number of digits, we add zeros on the left and get the same number of 
digits as before. 


We now reverse the digits and proceed as before e.g., 


693 792 594 990 891 
— 396 —297 —495 —099 —198 
297 495 099 891 693 


The number 693 is repeated and we get a cycle of 5 numbers. 
(693, 297, 495, 099, 891) 
Some other cycles the children will get аге : 
(09, 81, 63, 27, 45) 
(396, 297, 495. 099, 891) 
(36, 27, 45, 09, 81, 63) 
(6993, 2997, 4995, 9990, 8999) 
(6534, 2178) 


Experiment 27: Combined Reversed Subtraction and Addition 
Processes . 


For three digit numbers, the children would always get 000 ог 
1089, while for four digit numbers, they would get 0000 or 10980 or 
9999. Тће children enjoy the existence of such patterns in three or 
four or five digit numbers. 


Experiment 28: Other Chain Processes 
(i) You may ask the children to choose a two digit number, 
reverse and add and continue the process, without neglect- 
ing any digit, till he gets a five digit number. 
(ii) Similarly the child may start with a four-digit number, 


continue the process of reversed subtraction without adding 
any zeros at any stage, till he gets O or a cycle. 
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(ii) A simpler process is obtained if the child starts with a 
number and subtracts at each stage only the sum of the 
digits in the number. 

(ivy In this process a child chooses a number and subtracts 
from it a number obtained from it by finding the sum of 
digits of the original number and adding to it on the right 
as many zeros as possible subject to the condition that the 
number is smaller than the original number. The process 
is continued till the child gets zero. = 


Experiment 29: Alternative Methods for Addition ; Left 
Hand Addition 


(а) Sometimes the children forget “carrying” in addition. The 
following method reduces carrying to a minimum. To find the sum 
of given numbers, we add separately the digits in the unit place, in 
the tenth place etc. and write these sums in vertical columns, always 
shifting the sum one place to the left, then add the numbers in the 
column, Thus to find 3456 +5678 +2340 +1456, we write 


6+8+0+6 = 20 


5+7+4+5 = 21 
4464344 = 17 
8454241= 11 


12930 


Let the children do some problems by both the usual method 
and this method and compare. Let them discover why the methods 
would always give the same result. 

(b) An alternative method known as left hand addition is used 
in some new projects. This can completely eliminate carrying over. 
We add thousands, hundreds, tens and units separately and repeat 
the process, if necessary е.2., 


2356 
5570848 
8965 
15000 (15 thousands) 
1900 (19 hundreds) 
190 (19 tens) 
19 (19 units) 
16000 (l6 thousands) 
1000 (10 hundreds) 
100 (10 tens) 
9 (9 units) 
157818009 
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This takes a longer time, but is useful since it emphasizes basic 
principles. Let the children do some problems by this method. 

(c) We write numbers from left to right and add numbers from 
right to left. In other words, we write first thousands, then hundreds, 
then tens and then units and in adding, we first add units, then tens, 
then hundreds and then thousands. This is anomalous. In Чогуага 
arithmetic’ or ‘Arabic arithmetic’, we write also numbers from right 
to left. Thus e.g., we write two thousand three hundred and fifty 


six as 6532. : 
In this notation, the above sum will read as 


In this notation no carrying is required. 


Experiment 30: An Alternative Method for Subtraction 

This method which regards subtraction as complementary 
addition is very often preferred to the usual method of subtraction. 
To subtract a given number from another, weask the question : What 
number should be added to the smaller of these numbers to get the: 
bigger number? Thus to find 5467—3278, we write 


28 7n QD, 
АРА 3 
IDO EE 2189 

5» 46417 5467 


What should we' add to get 7 or 17 ? We write 9 and carry ‘1’ over. 
Next what should we add to (7-- 1) to get 6 or 16? We write 8 and 
carry over 1. What should we add to (24-1) to get 4? We write ‘1’. 
Similarly in the thousandth place, we have to add 2 to 3 to get 5. 
Thus 2189 is the answer. 

The advantage of this method is that children have to remem- 
ber only the addition facts. Subtraction facts have not to be 
remembered. 

Shopkeepers very often use this principle e.g., suppose you have , 
bought goods worth Rs. 7 and 89 paise and you give the shopkeeper 
а ten-rupee note. He has to subtract Rs. 7:89 from Rs. 10:00 and 
return this amount. What he does is as follows : 

He gives 1 paisa and says, this makes 90 paise. Then he gives 
10 paise coin and says it makes one rupee and seven rupees were 
already there, that makes 8 rupees. He gives you two rupees more 
to make up Rs. 10. 

The children can actually carry out some monetary transactions. 
The teacher can act as the purchaser. 
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4 


Multiplication. and Division Operations 


[EXPERIMENTS 31—45] 


Experimentgr: Multiplication by Equal Groups 


Here are 3 sets of 4 objects each. ДАНА 
The total number of objects is 12. RNAS 
3x4 = 12 ATAATA 


M 


Here are 4 groups of 5 objects each 


WI/ 
ТИМ 


The total number is 20 


4x5 = 20 Inn 
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Here are 3 necklaces with 7 beads each. The total number of 
beads is 21. 


о O 
о 
о о“ ои 
357 21 [9] о о о 
о O 
o o о [e] 


A large number of similar examples of toys on the teacher's 
table, counters on the board, symbols on the board, 


Gk. О, <P A, dn» etc.) and sticks, can be constructed. 


Experiment 32: Multiplication by Correspondences 


There are 3 squares and 4 circles. Join each square to each 
circle and count the total number 
oflines. These are 12. 


3x4 = 12 


If we join circles to the 
'squares, the same figure illustrates 
4 x3 — 12, 


The figure illustrates the 
commutative law of multiplication 
i.e., the result of multiplying one 
number by another is the same as 
that of multiplying the second 
number by the first. Illustrate this 
by a large number of examples (c. f. experiment 53). 


Experiment 33: Multiplication by Repeated Addition 
3x6 = 6+6+6 = (6+6)+6 = 12+6 = 18 
4x6 = 6+6+6+6 = (12+6)+6 = 184-6 = 24 
5x6 = 6+6+6+6+6 = (4x6)-.6 = 2446 = 30 
The multiplication table of 5 can be obtained as follows : 
2 


5 
10 =2х5 


15. 53x5 


42 


+ 5 

25 =5x5 
+ 5 

30 =6x5 
ap s) 

35 =7%Х5 
555 

40 =8х5 
+ 5 

45 =9х5 
+5 

50 = 10х5 


The children should be asked to obtain multiplication tables of 
2 to 10 in the same way. 2 


Experiment 34 : Multiplication by using the Number Line 


Make groups of (say) 3 on the number line and read as 
3x3—9, 4х3 = 12, 5x3 = 15, 


1х3 = 3, 2х3 = 6, 
24, 9x3 = 27, 10x3 = 30. 


6х3 = 18, 7х3 = 21, 8х3 = 
asked to obtain other multiplication 


btain all these in one big chart. A 
ks can be used on which chalk marks 


|| 


The children should be 
tables in this way. They can о 
metre stick with centimetre mar 
can be made. 


| | 
оза небе 7778/9) 106912413: T4115 I6 


The child counts 1, 2, 3, 4, puts a mark. 


another mark and so on. 


He again counts 1, 2, 3, 4 and puts 
5 ші le of 4 on е metre stick. 


Later on he reads the multiplication tab 
Similarly all the tables can be prepared. 


43 


Experiment 35: Multiplication by using Graph Paper 


To multiply 7 by 5, count 7 steps on one side and 5 on the 
other and count the total number of Squares. The children can 
prepare all the multiplication tables with the help of graph paper. 


Experiment 36: Multiplication by using Wooden Cubes 


To multiply 7 by 5, put 7 wooden cubes on one side and put 5 
on the other. And go on putting more cubes, till the rectangular 
box is completed. Count the total number of cubes. 


Repeat the same with other products. With 100 cubes, all the 
multiplication tables upto 10x 10 can be prepared. 


Experiment 37: Division by Equal Groups 
To divide 21 by 3, we draw 21 symbols 


and make groups of three each. We get 7 groups, so that 
21 2327 
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| ت ی 
а ри‏ 


Different symbols A, O, %, <> «0 may be used and 


à large number of examples can be constructed. 
Experiment 38. Division as Inverse of Multiplication 
To divide 21 by 3, we repeat the multiplication table and find 
what number multiplied by 3 gives 21. This number is 7. 
зх7=—,  21—3—7, 21+7=3 
4x6=24,  24—4—6, 24-6=4 
7x9=63, 63—7=9, 63—9=7. 
Give each child а multiplication fact and ask the child to deduce 
two division facts from this. 
What about 0x7? It isO+0+0+0+0+0+0=0. 
.. Ox7=0. 


From here we can say 2-0, but we cannot say 2-7 


Since 0x 8—0 and therefore $-5 so that + would come 


out to be 8 also, but this is not possible. Therefore division by 
0 is not allowed in arithmetic. 
Experiment 39: Division by using the umber Line 
To divide 21 by 3, we mark off numbers up to 21 on the 
number line and divide these into groups of 3 each 
4 5 6 7 


А 2 3 
EC GEH ed EG Ka Y eh 


We get 7 groups. Therefore 213-7. 
Repeat this with a number of similar problems. 
If we are asked to divide 22 by 3, after 7 groups, one number is 
left over. We say 22-377 ; also 22+3<8. Ask the children 
to write similar inequalities for 48-—5<0, 48—5-[J. 
29+3<0, 29+3>0 (c.f. experiment 65). 

Experiment 40 : Division by using 


Graph Paper 


~ Ny) C А HAN со 
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То divide 50 by 5, we count off 5 marks horizontally and draw 
the vertical line through 5, then we begin counting upwards the small 
squares within this vertical line, till we reach 50, then we draw the 
horizontalline. Count on the vertical line. It gives therefore 10. 


50—5 = 10. 


Experiment 41: Division by using Counters or Cubes 


Suppose we have to find 49—7. We take 49 cubes and ask a 
child to divide these into groups of 7 each. The number of groups 
he gets gives the answer. 


Experiment 42: Division by Repeated Subtraction 
21 


—3 


0 We have to subtract 7 times 
=== andjas such 21+3=7. 


Experiment 43: Multiplication and Division by using Clocks 


The first child directs the pointer towards one number i 
ts the in the 
first clock, the second child directs the pointer towards some number 
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in the second clock and the third child then points the pointer in the 
product clock towards the correct product. For division the teacher 


directs the pointer to some number in the first clock, a child directs 
the pointer to a number in the second clock and a second child gives 
the answer in the third clock. 

If the first clock shows 22 and the second shows 3, then{the 
second child will show > 7 or « 8. 


Experiment 44: Division as an Operation* 


. , Consider the set of natural numbers. Is it closed for division 
ie. if we divide a natural number by another natural number, do we 
always get a natural number ? If we divide 22 by 7, we do not get a 
natural number. Therefore the set of natural numbers is not closed 
for division. Can we have a larger set, which includes the set of 
natural numbers but which is closed for division 7 The answer is 
yes' and as the children will learn later, this larger set is the set of 


Positive fractions. 

Does the commutative law hold? We know 6+3=2, but 
3--6 is not even a natural number. 

Does the associative law hold ? 

(12+6)+2 = 2—2 = 1 

19—(6—2)— 12-3 = + 

The associative law does not hold. 

Does the distributive law hold ? 

18--(34-6) 5 (18-3) + (18-6), 
but the other distributive law holds, whenever quotients are natural 
numbers. 

(364+18)—9 = (36+9)+(18+9) 

This law is basic for the process of division. 


Experiment 45 : Lattice Multiplication and Multiplication 
by Napier Rods 
The lattice multiplication procedure is illustrated in the two 
examples given on page 48. 
* Experiment 44 may: be done after the children have done experimenta 
53, 54, 55, 72 and 73. 
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9 
У ZAVA; 
A 
T 5 
9 
7 YF 5 
/ / 
"d с 
39x25 = 975 394x256 — 100864 


In the second example, we have to multiply 394 by 256. We 
write these numbers on the top and the right hand side of a 3x 3 
square as shown above. We write the products of the individual 
digits of the two numbers in the nine cells of the square, writing tens 
in the upper half and units іп the lower half of each cell We add 
numbers in slanting diagonal rows, carrying tens at each stage to the 
next diagonal. The product is then easily read. 


Let the children do a number of problems by this method. 


Multiplication by Napier’s rods or _ apier's boxes is based on 
the principle. The children will enjoy preparing the following rods: 


These rods actually give the multiplication table with the 
difference that units and tens of products have been separated. 


48 


Ут 


To multiply 46 by 5, we look at the fifth cells of rod numbers 4 
and 6 to find and we interpret it to get 46x 5 = 230. 


.. . To multiply 394 by 256, we place third, ninth and fourth rod 
side by side and look at second, fifth and sixth cells of third rod. 
The procedure will then be similar to the procedure. for lattice 
multiplication. j 
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Numbers Greater than One Hundred 


[ EXPERIMENTS 46—50 ] 


Experiment 46 : Introducing Numbers Greater than One 
Hundred 


A ‘ten’ may be denoted by any one of the following 


o о one 6 o 

gam 93 o о о o 
iif 1 Ө Ој © о осо 
f 9o О ЫГ о 


о 


cp) Me 


! 
Ten such tens further give one hundred. 


The children may be given two to three hundred sticks each. 
Each one has first to make bundles of ten each, then he can combine 
10 bundles of these tens to get bundle of a hundred. Thus if the 
child has 328 sticks, he would make 32 bundles of ten, he would 
3 bundles of 100 each and 2 tens would remain. The child 


get 
would report that he has 3 hundreds, 2 tens and eight units. Each 
child will come to board and write as below :— 
Hundreds Tens Units 
3 2 8 


» » » 


Which of the two children has got more sticks? If one child has 
more hundreds than other, he has got more sticks than the other. If 
they have the same number of hundreds, then the child who has more 
tens has got more sticks. If they have same number of tens, then 
the child with more units has more. If they have the same number 
of units also, they have equal number of sticks (c. f. experiment 65). 
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Ama 15: 4 199] 

Discuss a large number of similar examples. 
Experiment 47 : Adding Numbers Greater than One Hundred 

In adding numbers, we add units separately, tens separately and 
hundreds separately, thus to find 3284-411, we write 

3 hundreds + 2 tens+8 

+4 hundreds+1 ten+1 
7 ћипдгед5- 3 tens + 9 


or 3 2 8 
= Ф 11 
737 
Ask the children to find 328+424 
3 ћипдгед5 + 2 tens+8 
4 hundreds--2 tens--4 
7 hundreds+4 tens +12 
Now we convert 12 into one ten+2, so that we get 7 hundreds 
+5 tens 4-2— 752 
Similarly ask the children to ада 328--494 
3 hundreds +2 tens + 8 
4 hundreds 4-9 tens + 4 
7 hundreds4-11 tens4- 12 
We convert 12 into 1 ten+2 units. 
We get 12 tens. We convert these into one hundred and 2 tens. 
We get 8 hundreds-+2 tens and 2 units so that 3284-494-890 
We write this as 


Hundreds fens олі 


Explain Clearly the principle of ‘carrying over. The bundles formed 
in the last experiment can be used for physical illustration of addition. 
Es the bundles of four children be combined together. Suppose the 
mu ets аге 328, 411, 494 and 494, then we get 15 bundles of 
1 dreds, 14 bundles of tens and 17 units. We convert 17 units into 

“ndle of ten and 7 units. The 15 bundles of tens are converted 
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nto 1 bundle of hundred and 5 bundles of tens. Finally we get 16 

bundles of hundreds, 5 bundles of tens and 7 units so that 
328--4114-4244-494— 1657 

The 10 bundles of hundreds can be combined to give one bundle of 

a thousand. Thus we get one bundle of a thousand, 6 of hundreds, 

5 of tens and 7 units. 


. Let each group of four children add the numbers of their sticks 
and write their results as : z 


Thousands Hundreds Tens Units 


Ask them to add these again as above. 


Experiment 48: Subtraction of Numbers Greater than One 
Hundred 


Suppose a child has 328 sticks. You ask him to give 215. 
From his 8 units, he gives you 5 units and is left with 3 units. From 
his 2 tens, he gives 1 ten and is left with one ten. From his 
3 hundreds, he gives 2 hundreds and is left with 1 hundred. 


This is represented by 


Hundreds Tens Units 
3 2 8 
—2 1 5 
1 1 3 


Now suppose you ask him to give you 259 sticks. 


From his 8 units, he has to give 9 units. This is not possible. 
He opens out one bundle of ten and gets 18 units. He gives 9 and 
isleft with 9. He is now left with 1 ten and he has to give 5 tens. 
He opens one bundle of hundred to get ten tens. Не has now 11 
tens from which he gives 5 tens and is left with 6 tens. Не is left 
with 2 hundreds from which he gives both. He-is thus left with 6 
tens and 9 units i.e. with 69. і 
398 —259= (3 hundreds + 2tens+ 8 units) — (2 hundreds 
+ 5tens+ 9 units) 
= (3 hundreds + 1 (еп + 18 units) — (2 hundreds 
+ 5tens+ 9 units) 
= (3 hundreds + 1 ten + 9 units) — (2 hundreds 
+ 5 tens) E 


= (2 hundreds + 11 tens+ 9 units) — (2 hundreds |. 


+ 5 tens) 
6 tens+9 units=69 


| 
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ог Нипдгед5 Tens Units 


3 2 8 
— 2 5 9 
is the same as Hundreds Tens Units 
2 11 18 
= 2 5 9 
6 9 


A large number of such problems should be done and the 
Process of borrowing or of ‘conversion’ of one hundred into 10 tens 
and 1 ten into 10 units should be clearly explained. 


Experiment 49: Addition and Subtraction with the Help of 
Currency Notes 


Get some thousand-rupee, hundred-rupee, ten-rupee and one- 
Tupee ‘notes’ from the market. These are available for a few paise 
only or you can make these in the class. The teacher can act asa 
banker who can exchange one thousand-rupee note for ten hundred- 
Tupee notes or one hundred-rupee note for ten ten-rupee notes etc. 


Give each child 3 sets of notes, each set consisting of a few 
(less than 10) notes of each kind. You may not give him a note of 
опе kind at all. These notes are pinned together. The child goes 
follis Seat and writes the number of notes of each kind in each set as 
ollows : 


Thousands Hundreds Tens Units 
First set БР ss : 
Second set Де me gs E 
Third set ЕЗ E? " 
Sum set 


The child is asked to add these. He adds first one-rupee notes. If 
these exceed 10, he comes to the teacher, gives him 10 one-rupee 
Notes and gets from him one ten-rupee note. He goes back to his 
Seat and adds all ten-rupee notes. If these exceed 10, he again comes 
to the teacher and gets these exchanged into hundred-rupee notes. 
The Procedure is repeated for hundred-rupee notes. After this he 
Writes the sum and checks it. 

After a child has done this sum, he is given another 3 sets of 
Notes, he repeats the process. Afterwards he is asked to add the 

` two answers. 

For subtraction, pairs of children are formed. А is given 
One set of notes by the teacher. He has to give to B an amount 
Specified by the teacher. B can also ask for an amount, but it has to 
be less than what А has got. А сап exchange notes with the teacher 
to satisfy B's demand. Afterwards A's and B's role are inter- 
changed, 
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If the child is given ten or more notes of one kind, he has to 
get these first converted into notes of higher denomination before 
starting the process of addition or subtraction. 


Experiment 50: Addition and Subtraction of Rupees and 
Paise 


The procedure is the same as above. Use thousand rupee, 
hundred-rupee, ten-rupee and one-rupee notes and coins of ten-paisa 
and one paisa (paper-models). For adding, the child starts by adding 
one paisa coins. If these exceed 10, he gets ten-paisa coins from 
the teacher for each ten of these. He adds these ten-paisa coins. 
If these exceed 10, he gets each ten of these converted into a rupee- 
note and so on. To separate rupees and paise, use a point. Thus 
Rs. 328 and 95 paise are written as Rs. 32895 and Rs. 249 and 
7 paise are written as Rs. 249-07 (since there is no ten-paisa coin). 


To subtract the second sum from the first, the child has first to 
give 7 paise, but he has got only 5 one-paisa coins, so he goes to the 
teacher, converts one of his ten-paisa coins into 10 one-paisa coins 
and pays 7 one-paisa coins out of the 15 he has. Не is left with 8 
one-paisa coins, and 8 ten-paisa coins. Since he has not to pay any 
ten-paisa coins, he keeps all these. Next he has to give 9 one-rupee 
notes, but he has only 8. So he goes to the teacher, gets one 
ten-rupee note converted, gets 18 one-rupee notes in all, pays 9 
one-rupee notes and keeps 9 one-rupee notes. Now he has only 1 
ten-rupee notes and he has to pay 4. So he gets, one hundred-rupee 
note converted into 10 ten-rupee notes. He gets 11 ten-rupee notes 
in all from which he pays 4 and keeps 7. Finally he is left with no 
hundred-rupee note, ? ten-rupee notes, 9 one-rupee notes, 8 ten-paisa 
coins and 8 one-paisa coins i.e. with Rs. 79 and 88 paise. He writes 
it as Rs. 79:88 so that 


Rs. 328:95 
—Rs. 249:07 


: After doing a few such sums of addition and subtraction, the 
child notices that except for the point, it is ordinary subtraction (and 
so itis). In this way addition and subtraction of decimals can be 
easily taught. 
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6 


Laws of Arithmetic 


[EXPERIMENTS 51—60] 


Experiment 5r:: Commutative Law (Change of Order 
Principle) 


Ask the children to notice from the table that 


4+3= 7 
6+5=11 
7+8=15, 8+7=15 


ie, when we add two numbers, we get the same result, whether we 


add the first number to the second or the second to the first. This is 


called the commutative law and holds for addition composition. 
It does not hold for subtraction, since 
6—5—1,  5—6==1 
. $0 that 6—545—6, 
i.e., here it matters whether we subtract 5 from 6 ог 6from 5. 


Let the child find 44-26 on the number line and then 2644. 
Which is easier ? Point out the advantage of the use of the commu- 


tative law here. 
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Experiment 52 : The Associative Law (The Grouping: 
Principle) 

(84-4)2-5—7--5—12 ; 34+(445)=349=12 

(42-5)2-2—9--2—11 ; 44(54+2)=447=11. 

Addition is a binary operation i.e., we ада two numbers at a 
time. What does 3+4+5 mean? It may mean two things. We 
may first add 3 and 4 to get a number and then add this to 5 to get 
the result or we may first add 4 and 5 and then add 3 to this to get 
the result, i.e., we may associate 3 and 4 first or 4 and 5 first. Will 
the: result always be the same ? The table shows that itis so. This 
fact is expressed by saying that the composition of addition is 
associative in the set of natural numbers (c.f. experiment 72). Every 
composition is not associative, e.g., consider the operation of subtrac- 
tion. What does 5— 4—3 mean? 

We may associate 5 and 4 first or 4 and 3 first. We get in the 
first case (5—4)—3=1—3=—2 

We get in the second case 5—(4—3)=5—1=4 

These two are different. The associative law does not hold for 
subtraction. 

To make the operation of subtraction unambiguous, we should 
use а bracket. Alternatively we can adopt the convention that we 
shall proceed from left to right i.e. we first combine first and second 
and then combine the result with the third and so on. Ps. nb 

The associative law for addition does not appear natural to j 
children. If you ask whether (3+4)+5 is the same as 3-- (44-5), ] 
they may say ‘no’ and very often they will be surprised to find that 
it always holds. You can illustrate the law as follows : 


ZEEN и 
OD mK x x а 


Let the children find 19--1964+204 in two ways. 


Which is easier ? The law can also be illustrated on the number 
line as follows : 


(3+4) +5 


15 


3+(4+5) 


56 


Experiment 53: Commutative and Associative Laws for 
Multiplication 


? Consider the set of positive integers. If we multiply a. positive 
integer by a positive integer, we get a positive integer. The set of 
positive integers is thus closed for multiplication. 


as The child can be asked to prepare the following multiplication 
able. 


PNE RR a d recur АД ААЫР 


10 
0 12 14 16 18 20 
5 18 20 24 27 30 
10 2 28 32 36 40 
^u; 30 35 40 45 50 
30 35 42 48 54 60 

т da caps ac Воо 
а прота зг 0 o APD 

quote ран о a А 


ю |10 20 30.40 50 60 70 80 90 100 


(1) From the table, let the child read 5x6, 6X5, 7X8, 8x7 j 
etc. and verify the commutative law. 


5 groups (rows) of 6 each 7 Broups (ог rows) of 8 each 
6 = 


=5 =7х 
or 6 groups (columns) of 5 each 8 groups (columns) of 7 each 
=6х5 x =8x7 


The law can also be illustrated on the number line as follows : 


6x5 


LD Ж к экы ЛАШ УС ESO ON 
ДЕА А AN9 20 21 22 23 желю 


5х6 


(2) Find (4x2)x3 and 4x(2x3) 
(1x3) x3 and 1x(3x3) 
(2x3)x2 and 2x(3x2) 


and verify in each case that the associative law holds i.e, 
whether we associate first and second numbers first or 
second and third numbers first, the result is the same. 


Take 24 unit cubes and arrange these in a rectangular solid 
4х 2х3. Looked at from one side there are 3 rows of 4x 2 
cubes. Looked at from another side there are 4 columns 
of 2X3 cubes so that 


(4x2)x3—4x(2x3) 
(3 


— 


Note that multiplication tables are given both by rows and 
columns of the table. 


(4) Note there is symmetry about one diagonal, shown by the 
dotted line. 

(5) The cells on the diagonal give 
1х1=1,2х2=4, 3x 3—9, 4x 4—16, 5x 5—25 


These are written as : 

I: 2:=4, 32—9, 4216, 5225, 
16236, 72—49, 82—64, 92-81, 102—100. 
Point out the scientific notation according to which 
73—7x7x7, 7—7x7x7x7 


and how it depends on the associative law and how this notation 
saves space. Thus 


3'=3х3х3х3х3ҳ3х3; and 37-73 
The result is different whether first number is raised to the power 


equal to the second or second number is raised to the power equal 
to the first. The commutative law does not hold for this operation. 
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Experiment 54: Combination of Commutative and Associa- 


G) 


(i) 


(iii) 


tive Laws 


Let the children find 1974-3 + 296+4 + 1954-5 by 
associating numbers differently and remembering that 
addition is a binary operation, i.e., only two numbers сап 
be added at a time. 
(1974-3) + [(296 4-4) + (195 4-5)] 
= 200+[300+200] = 200+500=700 
[(1974-3) 4- (296 +-4)] + (195-1-5) 
= (200+300)+200 = 5004-200 = 700 
[((197--3) -296)-4- (4-- (195--5))] 
— (4964-204) — 700 
The sum is independent of the position of the brackets. 
This result is called the generalised associative law for 
addition. 
Similarly according to the generalised associative law for 
multiplication, in an expression of the form 3x4x5x6 
x8 x 11, we can have associative numbers in any way we 
like so that 
3x4x5x6x8x10 = 12x5x6x8x 10 
= бохбх 8х 10 = 360x8x10 = 2880х 10 = 28800 
3х4х5хбх8х10 = 12x30x80 = 360 х 80 = 28800 
3x4x5x6x8x10 = (12x 5) x (48 x 10) =60 x 480 
= 28800 

Let the children verify the generalised associative and 
commutative laws for addition and multiplication by 
solving a number of examples. 
In practice, we use commutative and. associative law in 
combination, i.e. we change order and associate numbers 
arbitrarily. Thus if we use the laws separately, we get 

4+5+6 + 1944-295 + 396 


= 4+5 + 2004-295-4-396 (using associative law) 


= 4+200+5 +2956 (using commutative law) 
= 200+4+295+5 +396 (using commutative law) 
= 200 + 44- 300 + 396 (using associative law) 
= 2004-300 4- 4 4- 396 (using commutative law) 
= 5004-400 (using associative law) 
= 900 


On the other hand by using the combined-associative- 
commutative law for addition, we can write 

44-54-6-- 194-295 4-396 

= (396+-4)+(295+5) +(194+6) 

= 400 +300 +200 = 900 

In the same way, 


4x3x 110x225 = (225 x 4) x (110 x 3) 
= 900x 330 = 297000 
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Let the children realise that addition and multiplication 
problems are considerably simplified by the use of combined- 
associative-commutative laws and the corresponding 
simplifications are not available for the operations of 
subtraction and division. 

Experiment 55: Distributive Law or Multiplication-Addi- 

tion Principle. 
From the multiplication table, we verify 


3x (4+5) = 3х9 =27 (3X 4) + (3x 5)=12+15 =27 


The law illustrated by these examples is known as the distribu- 
tive law and is useful in multiplication problems. 


5x(6+8) = 5XLIH-5X A 
4x(6+2) = 4xO4+4xKA 
(34+2)x(4+5) = (3+2) х4+(3+2)х5 
= 4x(3+2)+5x (3+2) 
= (4х3)+(4Х 2)+(5Х 3)+(5x 2) 
A large number of such examples should be given. 


6х (5+3) = 6x5+6x3 
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The bigger rectangle contains 6 x (5+3) objects, while the two 
rectangles contain 6x5 and 6 x 3 objects respectively. : 

The bigger rectangle is also broken into 4 smaller rectangles 
giving 

(2+4) x (5+3) = (2x 5)+(4x5)+ (2X 3)+(4x 3) 

Draw many other similar illustrations for the distributive law. 


Experiment 56 : Recognition of Laws 
Write on some cards equations like the following : 
10+6 = 64-10 
5x4 = 4x5 
5x(4x6) = (5x4)x6 
54-646) = 6+5)+6 
5х(6+5) = (5Х6)+(5%Х 5) 
(27+18)+3 = (27 —3)4-(18—3) 
Put three boxes marked associative law, distributive law and 


commutative law and ask each child to drop the cards into the correct 
box. His score is the correct number of cards dropped. 


Brem “гу 
учн A dL 
DISTRIBUTIVE 

LAW 


COMMUTATIVE ASSOCIATIVE 
tL AW LAW 


Multiplication through the Use of the Dis- 
tributive Law i 
The object of this experiment is to understand the process of 
multiplication of natural numbers. 
To multiply 627 by 5 we can proceed by two methods : 
Method 1: By repeated addition 
Hundreds Tens Units 


Experiment 57: 
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We add 7 five times (i.e. multiply 7X5) to get 35. We carry 
over 3 tens. We add 2 tens five times and add 3 tens to get 13 tens. 
We carry over 10 tens as one hundred and add 6 hundreds five times 
to get 31 hundreds. 


This process is abbreviated as follows : 
627 
x 5 


3135 


Let the children do some multiplication problems by repeated 
addition. 
Method 2: By using distributive law 
(627 Х 5) = (600--20--7)x 5 
3000 


600x5 — 
20х5 = 100 
7х5= 35 
627x5 = 3135 
This can be abbreviated as follows : 

627 

5 

35 

100 

3000 

3135 


of question. The second can be used as follows : 
627x125 — 697 x (100+20+5) 
627 х 100 = 62700 


627x 20 = 19540 (We need multiplication table 


of 2 only) 
627x 5 = 3135 (We need multiplication table. 
of 5 only) 

78375 
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— 08 


This can be abbreviated as follows : 


x 125 


In the first row, we have multiplied by 100, in the second row, 
m haye multiplied by 20, while in the third row, we have multiplied 
y 5 only. 


In this process, we have to remember multiplication tables up. 
o 9 only. 


This method is slightly different from the usual multiplication 
method. Let the children do sufficient examples by this method. 


Method 3: To multiply 627 by 125, we can again use the distri- 
butive and commutative laws 
(627) x (125) 2627 x (100+ 204-5) 
—627 x 54-627 x 20+627 x 100 
627x 5= 3135 
627x 20=12540 
627 x 100=62700 


78375 


This can be abbreviated as follows : 


627 or, 627 
x 125 x 125 
3135 3135 
12540 1254 
62700 627 
78375 78375 


This is the usual method of multiplication. Let the children do 
a number of problems from first principles using this method. 
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Method 4. We can use the double distributive law e.g. 
627 x 125—(600--20--7) x СЕ M Soo 
= 20 x (1004 
=600 x РАТА 0х ооо) 
=600 x 1004600 x 20+600 x 5 
+20 x 100 4-20 x 204-20 x 5 +7 x 100 
+7х204+7х5 
600 x 100=60000 
600 x 20=12000 
600x 5= 3000 
20x 100= 2000 


20x 20= 400 
20x 5= 100 
7x100— 700 
7x 20= 140 
Tine 5= 35 

78375 


Let the children do some problems by this method, 


Experiment 58: Division Through Repeated Subtraction and 
Division by the Use of the Distributive Law 
To divide 54 by 3, we have to subt; 


54. We have to find how many times 
get zero. We do not subtract threes on 


We again 


subtract 8 threes to get zero. Thus 18 threes, in all, have to be 


subtracted to get Zero, so that 54--3— 18, 
All this can be represented as follows : 


18 
3)54 


139 (10) threes 


24 54+3=18 


—24 (8) threes 


0 
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Similar examples are the following : 


24 21 
496 6) 126 
TEV 10) fours =) (10) sixes 
56 96—4—24 66 
ET (10) fours = (10) sixes 
16 126—6=21 6 
—16 fours 6 
کے‎ (4) = (1) Six 
0 0 
These can be slightly simplified as follows : 
21 
24 = 
D 6) 126 
— 80 (20) fours —120 (20) sixes 
16 6 
—16 (4) fours —6 (1) six 
0 0 


If we try to divide 97 by 4, we would get ‘1’ as remainder and 
24 as quotient. 

Now consider division of 1848 by 33. "We consider the sub- 
traction of 10x 33 i.e., 330 but that would be too little, so we try 
20x33 = 660, 30х33 = 990, 40х33 = 1390, 50x33 — 1650, 
60x33 = 1980. The last one becomes greater than 1848, so we 
subtract 50 x33 and get 198 as remainder. Again we try to subtract 
1x33, 2X33, 3X33, 4X33, 5x33, 6x 33. We write this as 

56 
33) 1848 


—1650 (50) x33 


—— 


198 1848—33=56 


=198 (6) x33 


0 
A large number of such examples can be constructed. 
Another Method. For seeing how distributive law for division 
can be applied, consider the last example : 
1848-33 = (1650+198)+ 33=1650+33+4 198+ 33 
= 50--6 = 56. 
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ог 1848—33 = (1320+4330+4198)+33 = 404-1046 = 56 


The children can do а number of problems by this method. 
Each problem can be done in a large number of ways by breaking up 
the dividend in a number of different ways. 


Experiment 59: Divisionasa process of successive approxi- 
mation 


Successive approximations to get an answer are very important 
in mathematics i.e. we get the answer in a number of steps, each step 
taking us nearer the answer. Division process gives the first elementary 
example of this important process. 


Consider 625—5 = Г] or 5x O = 695 
now 5 х 100 = 500—625, 5x200 = 10002625 

7. O lies between 100 and 200. 

Subtract 500 from 625. We get 195. 

5x20 — 100—125, 5x30 = 150-125. 

-. O lies between 120 and 130 

Find 625—5x120 = 95 —5х5. 

Thus the answer is 115. 

5x100 5x120 5x125 5x130 5x200 

500 600 625 650 1000 

Let the children 

this method, in which th 


do a number of simple division problems by 
су come nearer to the answer from both sides. 


Experiment бо : Multiplication of decimal fractions by natural 
numbers 


Suppose the child has to multiply 328-95 by 5. He can do so 
by adding 328:95 five times. Alternatively he can consider the 
problem of multiplying Rs. 328 and 95 paise by 5. He multiplies 
each separately to get Rs. 1640 and 475 paise. He converts the paise 
into Rs. 4 and 75 paise to get a total of Rs. 1644 and 75 paise or 
Rs, 1644775 so that 


Rs. 328:95 
x 5 
Rs. 1644-75 


Again it is noticed that except for the decimal point, the multi- 
plication is just like ordinary multiplic; 
the same quantity 


Rs. 3289'5. Multiplying again by 10, he gets Rs, 


takes the decimal 
by 100, the decim: 


ld result in the decimal 


с and division by 100 would 
take it two points towards the left and so on. i 
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Integers 


[ EXPERIMENTS 61—70] 


Experiment 61: Mirror numbers, subtraction with the help 
of mirror numbers 


See 0, 1, 2, 3, 4, 5, 6, 7, 8, 9,...... ina mirror and write their 
images on the left. 0 remains unchanged. 


On this number line, we can subtract even greater numbers from 
smaller ones. Thus to get 4—5, we start from 0, move 4 steps towards 
the right and then 5 steps towards the left, we reach, so that 


qu vespa ا‎ 
бл == 28 05 
ГЕ ЕУ SN cf 
ORE XT e ال‎ 
ONES IND = 5 
о = € 


We shall omit 0 and] denote the images of 1, 2, 3, 4, ... оп the 


left of 0 by —1, —2, —3, —4, ... respectively, so that our number 
line now becomes 


xime a 
шу 65-4 -2-2 => 01 


More problems in subtraction can be done at this stage. 
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In many new books, the numbers on the left of zero are 


i i is, the 
denoted by —1, —2, —3, —4,......... and consistently with this, t 
numbers on the right of zero are denoted by +1, +2, +3, +4,...... 5 
so that the number line becomes 
шшш SS шз ш pee и. _о___- 0 


——-— 
-7 -6 -5-4 -3 -2 -I O +1+2+3+4+5 +6 +7 


These ‘signed numbers’ together with zero are called integers. 
The numbers with positive sign are called positive integers while the 
numbers with negative sign are called negative integers. 


The children can do addition and subtraction problems like the 
following, on this number line 


*9 + +4 = + 
3 — +4 = -1 
+4 — 43 = +] 
3 + -4 = -1 
59 = = Een 
Пива Ey) 
з -4 = +] 


What patterns do the children observe about (i) addition of. 
two positive integers (ii) addition of one positive and one negative 
integers (iii) addition of two negative integers (iv) subtraction of one 
positive integer from another positive integer (v) subtraction of one 
negative integer from another negative integer (vi) subtraction of 
an integer for an integer of the opposite 


type. 
چ‎ << 
The numbers on the left of zero can also be denoted by 1, 2, 3; 
< ————- 
der and the numbers on the ri 


ght of zero by 1,2, 3, 4,......and similar 
addition and subtraction can be done with these ‘arrowed’ numbers or 
directed numbers. The positive integers can be called ‘tight’ directed 
numbers and the negative integers can be called ‘left’ directed numbers, 
Children can make 


1 statements about addition and subtraction of these 
directed numbers. These can 


C also interpret these as problems of 
motion towards the right or the left. 

Experiment 62 : Moving on the number line with a coin 
We can start from 0. We toss a coin. If it turns up heads 
(three lions), we move one step to the right ; if it turns up tails, we 
move one step to the left. We toss the coin again and move one. 
step to the right or left of the point we had reached earlier accordin 
as it turns up heads ortails. This experiment is repeated fourteen 
or twenty times. Thus if wi 


е get heads, heads, tails, heads, tails, 
tails, tails, heads, heads, heads, the path of the counter is as follows, 


-6 -5 -4 -3 -2 


and the final position is 2. 


-l 
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Each child does the experiment on his number line or comes to 
the board and does it. To find at any stage how many times the 
coin has been thrown, count the number of arrow-lines or the tally 
can be kept by drawing lines and then crossing them. Thus if a 
child has to throw the coin 10 times, he draws 10 lines and after 5 
throws, his tally would look as follows : 

I 1 1 1 1 1 1 1 1 1 


This means that he has to throw the coin 5 times more. 


Experiment 63: Moving on the number line 


Suppose a drunkard starts from a point on a road, moves 6 
Steps towards theright, then 3 steps to left, then 2 steps to the 
EU MIR 5 steps to the left, then 2 steps to the right, where is he 
now 


We represent his movement on the number line, starting with 
0. It is obvious he is finally 2 steps towards the right of his original 
position, 


6 steps to the right we denote by 6 

3 steps to the left we denote by —3 

2 steps to the right we denote by 2 

5 steps to the left we denote by —5 

2 steps to the right we denote by 2 

and whole operation is denoted by 6–3+2—5+2, 

and since we are finally at 2, we say 6-34 2—5+42=2 

With the first step we write no sign if it is towards the right 
and — sign if it is towards the left. With other steps we use + sign 
if towards right, otherwise, we use — sign. 

Thus to find —3 —4, we start with 0, move 3 steps towards the 
left, then another 4 steps towards the left to reach –-7, so that 


—3—4 = —7 
Similarly —5—6 = —ll 
5—6 ——1 
—54+6=1 


Let the children do some problems of both types. 

(1) Problems in symbols, translated into problems of movement 
on the number line, and then solved. 

(2) Problems of moyement on the number line translated into 
problems in symbols and then solved. 
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А que d 

h child find out after how many steps ‘his drunkard 
E original position and let the children compare their 
results. The child whose drunkard comes last to the origin may be 
declared the winner. Different coloured counters may represent 
different drunkards. 


In another game, each child throws a dice and a coin. If he 
gets ‘4 and a head, his counter moves 4 steps towards the right, if he 
gets ‘5’ and a tail his counter moves 5 steps towards the left. The child 
whose counter is farthest from the origin after hundred steps is the 
winner. At each stage each child has also to speak out ап addition or 
subtraction sum. Thus suppose he is at —3 and he gets 4 and a tail, he 
says —3 —4 = — 7 and if he gets 5 and a head, he says —34-5 = 2. 


Experiment 64: Addition table for integers 


We explained the addition of positive and negative integers by 
using the number line in experiment 63. 


(a) Let the children learn the basic and important property 
of zero i.e. when we add zero to any number, positive or 
negative, the sum is equal to that number. Thus 
3+0 = 3, 0+3 = 3,04(—3) = —3, (—3)+0 = —3, 
0+0 = 0 


This can be illustrated by using the number line. 


(b) Again by using the number line, let the children complete 
the following addition table : 


4 
caller Alama) cca ва eom Usu реси ер asc om 
Cel Eo PO | eu etal ME БИБА Ae 9 
Sa Ze о: 8 ЕЕ 7 8 
2|-- |-- | | о | 1| ua MIS E E T E spe, 
пауке TENE EMEN. еа 6 

sr pestes о то | та 8 4$ MS 
Sie een hes т^ ш ел о ИЙ КО а 
Sd аз E ell ко. (Spel US 
Sania | e lg зг" cogil и И ЕШ hoa 
ze sd ere e ES per а =o) tel) oo 1 
єз = aor а ss Е Pa | r т 
a ду 


~ 
о 


Let the children note that 


(i) 
(ii) 
(iii) 


(iv) 


(a 


= 


(b) 


(0) 


(vi) 


Each row gives the number line. 
Each column gives the number line. 
To every number, there is another number, which when 
added to first number gives zero : 
What is the number which when added to 3 gives 0? In 
the row of 3, we look up for zero, we find it occurs іп the 
column of —3. Therefore, —3 is the number which when 
added to 3 gives zero. 

34(—3) = 0. 
Similarly what is the number which when added to —4 
gives 0? We look up the row of —4. We find zero occurs 
in the column of 4. Therefore 4 is the required number. 
Zero is called the additive identity of the system of integers, 
because the sum is identical with the number added to zero. 
(—4) is called the additive inverse of 4 and 4 is called the 
additive inverse of —4. 


Let the children note that 


3+4=7 
(—3)+(-4) = (-7) 
(—3)+4 = 1 
3+(—4) = -1 


Let the children deduce the laws of addition. 
When we add two negative numbers, the sum is equal to 
the negative of (additive inverse of) the sum of the two 
corresponding positive numbers. 
When we add one positive and one negative number, the 
sum is equal to their difference in magnitude and the sign, 
is the same as that of the greater number. 
3+(—4) = —1 
(—4)4+3 = —1 
Let the children verify that the commutative law holds for 
addition of integers. 
(3+(—4)+(—5) = (—1)+(—5) = —6 
$47) C79] = 344-9) = 6 
Let the children verify that the associative law holds for 
addition of integers. 


Experiment 65: The concept of order in natural numbers 


1, 2, 3, 4, 5, 6, 7, 8, 9, 10,...... , are called counting numbers 
or natural numbers. If we consider the counting numbers, then the 
number which comes first in the counting process is said to be 
smaller than the number which comes afterwards in the process, and 
also the number which comes afterwards in this process is said to be 
greater than any number which comes earlier, Thus 
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We think We say We write 


8 comes after 4, 8 is greater than 4, 8>4 
10 comes after 6, 10 is greater than 6, 10 >6 
4 comes before 8, 4 is less than 8, 4<8 
6 comes before 10, 6 is less than 10, 6 < 10 


It may be noted that in the symbols > and < the vertex 
always points to the smaller number. 

In the following examples, the children may fill in >, —, = in 
the square 


3+ 40 5 
44100 16 
5+ 5@ 10 


Construct a large number of such examples. 
Experiment 66: Making true sentences 
Given numbers 1, 4, 8, 11 and the symbols >, <, =, what are 
the sentences one can make ? 
1+11 = 4+8 
1— 8 = 4—1 
1+ 8 < 11 
A Ee prp 
1+ 8 < 4+11 
8+11 > 1+4 
and so on, 


e 
24 


k ? ‘ f 
0 Eo igi ee en to make as many sentences as possible, with 


ing : 
1, 4, c 
symbols 2, 11» @ 5,9, 12), (8, 6,7, 10), and with the three 


A variation is the following : 
Take 2 bags, one contains numbers i 
b say from 0 t 
on cardboards and the other contains only Олы jr am ј 
, > NoT 


12 


Each child chooses 3 numbers and 2 symbols and then makes as 
meny е statements as he сап with these by hanging them on 
the board. 


numbers. 


Instead of cardboard or 
metal discs, one may use bottle 
ky CN tops painted with symbols and 


Another variation 5 


that a pointer may be attach- 
ed at the centre. The child 
spins the pointer and connects 


those four numbers to which 


| А the pointer points when it 
stops. 


The child may be encouraged to note that the sum of numbers 
on the left — the sum of numbers on the right in each case. 


Experiment 67 : Order in integers 
On the number line, any integer is said to beless than any of 

the integers which lie to its right and greater than all those which lie 
on its left. Thus 
025 _5= =5 23—515 ce 9. RS Css 

OES Бри ан у ко ] 1< —1,—1> —3, ete. 
Let the children give more examples. Let the children also notice 
that if first number is <a second number and the second number < a 
third number, then the first number < the third number and that a 
similar relation holds for >. This is known as transitive law for the 
relation < or > respectively. Does the law hold for the relation 
<=? Does the transitive law hold for human relations : ‘Father of’ 
‘mother of’, ‘brother of’, ‘cousin of’, ‘friend of’ etc. 7 


Experiment 68 : Multiplication of Integers 


x 4 o L quere —2 3 —4 
DOLO NL и uin —4  —8  —12 —16 
3 12 9 б^ зо —3  —6 —9 -12 
2 8 бей CS MOT On EL АУЕ 
1 ʻi 2 ا‎ —2 —3 — 4 
0 0 [U 0 0 0 0 0 0 0 
E cago 39 O 1 2 3 4 
Cy By SG => ee 2 4 6 8 
Ey Sey So = 6 х=й 3 6 9 12 
М iG, 2 8 See D 4 8 12 16 


The children know the multiplication tables upto 10. They can 
complete easily the left hand corner Square. Let them complete the 
first row. They note that they are moving on the number line 
towards the left of the number line by jumps of 4. In the sequence 
16, 12, 8, 4, the succeeding numbers are 0, Sets, SI, i 
Similarly let them complete the first four rows. In moving down 
along the column of —1, —2,... etc., we move towards the tight on 
the number line. The same applies to rows of negative numbers. 
Let the children note : 


(i) When we multiply any number by 0, the product is 0. 


(ii) When we multiply two positive integers, we get a positive 
integer. 


(iii) When we multiply two negative integers, the product is 
again a positive integer. 


(iv) When we multiply a positive integer and a negative integer, 
we get a negative integer. 


(v) When we multiply a given integer by 1, the product is the 
given integer. The number 1 is therefore called the multi- 
plicative identity of the number system. 


(vi) Given an integer, does there exist an integer such that the 
product of the two integers is the multiplicative identity ? 
No, except for the integers 1 and —]1. 


(vii) The commutative law holds for multiplication of integers. 
Gi) (—3)x [4x (—2)] = (—3)x(-8) = 24 

[(—3)x4]x(—2) = (—12)x(—2) = 24 

Tn every case the associative law can be verified. 
(ix) (—3)x(—442) 2—3x(—2) = 6 

(=3)x (—4)+(—3) x (2) = 12+(—6) = 6 

In every case the distributive law can be verified. 


(х) Let the children com 


plete the tables of multiplicati 
AE multiplication from 


Experiment 69 : Illustrating laws of the System of integers 
Кану with the help of the number 
ine 


. , We usually study arithmetic a 
disciplines in elementary school math 
however „closely related and coordi 


е use of 
ildren should give four or five 
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ds 


(i) The set of integers... ens 3, —2, —1, 0, 
1, 2, 3, 4, 5, s Сап be represented on the number 


line. 
еру пер ЕР О + А бе, 9. 8 


(i) The positive integers are to the right of 0 and negative 
integers аге to the left of 0. 


(iii) An integer is greater than another integer if it is on the 
right of the second integer. An integer is less than any 


ере. on its right and is greater than any integer on its 
left. 


(iv) For addition of integers, we move towards the right for 
each positive integer, towards the left for each negative 
integer and do not move at all for 0. Thus :— 


AC па а. -2 -2 ЛИЙ Иво ан 

(1) +(-2) -2+3 

(v) Subtraction of an integer is defined as the addition of its 
additive inverse. The subtraction of 5 means addition of 
—5 and subtraction of —5 means addition of the additive 
inverse of —5 i.e., 5. Thus :— 


6—5 = 6+(—5), 8—(—5) = 845 


If for adding an integer, we move in one direction, for 
subtracting, we move in the opposite direction. For 
adding a positive integer, we move towards the right and 
therefore for subtracting a positive integer, we move 
towards the left. Similarly for adding a negative integer, 
we move towards the left and for subtracting a negative 


integer, we move towards the right. 


(vi) Existence of zero i.e. (+0 = O for every integer e.g. 


15 


-l4 -13 -12 -1 -10 -9 -8 -7 -6 -5 -4 
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(vii) Existence of an additive inverse 


3+(—3) =0 


(—3)43 =0 


3 15 the additive inverse of (—3) and (—3) is the additive 
inverse of 3. 


(viii) Commutative law for addition 


5 POST ш» 
NS NS 


(—I)+(—3) = (—3)+(—1) ; 2+3 = 342 ;6+(—5) = (—5)+6 


(ix) Associative law for addition 


т» 1313 


[3+(—4)]+(-5) = 3+[(—4)+(—5)]. 
(x) Multiplication of Integers 


To find 3x 4, we move 4 steps of length 3 each in positive 
(tight) direction. To find (—3)X4, we move 4 steps of 
length 3 each in the negative direction. 


3X4-12 


ОНОМ а 45 607 8197 10711 


pails ТОРО EU ET, 
(-3x4--12 

To find 3x(—4), we have to use the commutative law 

(experiment 68) so that 3 X(-4) = (—4)x3 = —12 


ship) 


To find (—3)x(—4), we have again to use the result of 
experiment 68 to get (—3)x(—4) = 3x4 = 12, 


(xi) Gosnzmütative law for multiplication 
For positive integers, this is illustrated below 
Е 9504 


P APER S SEE RE EY 
КОШИ ЕРЕ On CONNU Tte 
4x3. 


(xii) Associative law for multiplication 
For positive integers, this is illustrated below 


012345267 890 1213 1415 16 17 18 19 20 21 22 2324 


(2X3)X 426 X4 724 


[БИ 
01234567289! 2 А 


5 10 H 12 [3 19 15 16 17 (8 19 20 21 22 23 24 


OX PES 433718. 7:16. 


2х(3х4) = 2x12 = 24 
stributive law for multiplication over addition 
e integers, this is illustrated below 


3+4=7 


(xiii) Di ut 
For розшу 


ОЛ DENS: Ans (SENG БЕШӨӨ ҮЗӘ, 
2x(3+4) = 2х7 = 14 


1х3 =3 


0 ! 2 3 4 
3X3 


«1? is the multiplicative identity. 
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Experiment 70: Drunkard problem on a plane 


6 -5 -4 -3 -2 .| 


This is an extension of experiment 63, 


There are 4 Players. The first player throws а coin, 
Player moves a Counter towards the right or left one st 
as it is head or tail. The third player then throws a 
The fourth player moves the same counter up or down 
it is head or tail. The first player starts again. The p 
for the sequence. 


The second 
ер according 
nother coin. 
according as 
ath is shown 


Third player 
BS a Tg ye ie 
First player 


To check the final position, we consider the throws by the first 
player. _ There are 7 heads and 2 tails, so that the Counter is 5 steps 


After 6 plays by each player, note the final position, 
this game five times and join the final Positions to get a ројуг 


on. 
If there are six players, the counter can also be moved 


above or 
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Sets 


[EXPERIMENTS 71—78] 


Experiment 71: Sets, union and intersection of sets 


А set is a well defined collection of objects for which given any 
object, we can say whether it belongs to the set or not. Т hus we 
have a set of students in a class, a set of benches, а set of chairs in 
a room, etc. The numbers l, 2, 3 constitute a set which has 3 
elements. The numbers 7, 8, 9, 10 constitute another set with + 
elements. If we combine these sets, we get another set with 7 
elements viz., 1, 2, 3, 7, 8, 9, 10. This set is called the union of the 
two sets. If A and B are two sets, their union is denoted by AUB. 


The union of the sets 1, 2, 3, 4 and 3, 4, 5 is a set with 5 
elements viz., 1, 2, 3, 4, 5. Common elements are not repeated, 


These two sets have 2 common elements. These 2 common 
elements constitute a set which is called the intersection of these sets. 
If A and B are two sets, their intersection is denoted by ANB. 


The children should be encouraged to give examples of sets. 
The concepts of union and intersection of sets should be profusely 
illustrated. 


What is the intersection set of the sets 1,2, 3 and 7, 8, 9 ? 
These have no common element i.e., their intersection set is a set 
with no elements. This set with no elements is called the empty set 
or the null set and is denoted by { } or $. 


Experiment 72: Some special sets 


We use the symbols 1, 2, 3, 4, 5,... etc. for counting numbers. 
These are called counting numbers or natural numbers. In this set, 
every number has a next number or a successor obtained by adding 
1 to the preceding number. Thus after 99 we have 994-1—100 and 
100+1=101, and this process of adding 1 can be continued in- 
definitely. The counting process thus can never come to an end. 
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This is expressed by saying that the set of natural numbers is infinite. 
This set is usually denoted by N. 


The set obtained by taking the union of this set with the set 
consisting of the element 0 is called the set of whole numbers. ; It is 
the set consisting of 0, 1,2, 3,.. The infinite set consisting of 
—1, —2, —3, —4,... is called the set of negative integers. The 
natural number set consisting of 1, Dd d e may also be called 
the set of positive integers. The set which is the union of the (i) set 
of the positive integers (ii) the set of negative Integers (iii) set 
consisting of one element 0 is called the set of integers and is denoted 
by I. 


The children may construct examples of successors and 
predecessors and may be given the concept of infinity as one involv- 
ing a never terminating process. The teacher may discuss: Is the 


set of visible stars infinite? Is the set of living human beings 
infinite ? etc. 


Experiment 73 : Compositions in sets 


Consider the set N of natural nu 
of these numbers by the ‘process’ or “оре 
we add two natural numbers, we get a nı 
expressed by saying that the set of 
the composition of addition. 


mbers. We can combine two 
ration’ of addition. When 
atural number. This fact is 
natural numbers is ‘closed’ under 


On the other hand, consider the о 
the set of natural number, If we subtract 
larger number, we get a natural number, 
natural number from a smaller natural number we do not get a 
natural number. Thus the result of subtraction of two numbers of 


the set can be a number outside the Set. Thus the set of natural 
numbers is not closed for the operation of subtraction. 


peration of subtraction in 
a smaller number from a 
butif we subtract a larger 


Is the set 1, 2, 3, 4, 5 closed for addition ? 
Is the same set closed for subtraction ? 
Can a finite set be closed for addition ? 

Is the set of integers closed for addition ? 
Is it closed for subtraction ? 


Is it closed for multiplication ? 
Is it closed for division ? 


Experiment 74: Geometric objects a. 
of sets of points 


We do not define а point precisely. Points can however be 
represented by the tips of pencils, the ends of needles, the corners of 
a black board, or the corners where floor and walls meet. We 
represent a point by a dot. Let the children give more examples. 


$0 


s unions and intersections 


Са 


Ask the children to consider all points on the black board. 
These are infinite. Ask the children to consider the board to extend 


“а орда ae ipu 


i 
indefinitely upwards, downwards, towards right and left. The set of 
points obtained in this way is called a p/ane. Completely extended 
walls, floors, paper sheets, tops of tables are the examples of plane. 
Give other examples of planes. The children can give other examples 
of flat surfaces which are planes. The surface of a ball is not plane, 
it is a curved surface. To show that a plane is endless, you can draw 
arrows. 

Take a paper sheet and fold it. The crease represents a line. 
A line is thus also a set of points. The line is said to lie in the 
plane. Since the plane extends to infinity, so does the line. We 
represent it as follows : 


С 


The arrows emphasize that the line goes to infinity in both directions. 
The children can give other examples of lines in the room. 


Draw a line on the board. This separates the set of points in 
the plane into two halves. Each set is called a half plane. Each 


One 


Other half 
plane 


Set contains an infinite number of points. Points A, B, C are in 
one half plane, D, E, Е are in the other. Ап ant сап go from a 
point in one half-plane to a point in the other half-plane only by 
crossing the line once or three or five or an odd number of times, 
while it can go from a point in one half-plane to a point in the same 
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half-plane either by not crossing the line or crossing it ап even 
number of times. 


What is the intersection of the two sets of points representing 
“the two half planes? It is the empty set. What is the union of 


2 Half space 


Half space, 
these sets ? Not the whole plane. The union of the two half planes 
and the line separating them gives the whole plane. 


Similarly consider the set of points above the planeand below 
a plane. Each of them constitutes a half-space. Their intersection 
is null and the union of these half spaces and ithe plane is the whole 
Space. 


If we know two points on a line, we know the whole line. The 
A B 
 ———————— 


"m <> <> 
line is therefore denoted by A Bor B A. 


Experiment 75: Intersection Sets of Lines and Planes 


<> <> 
i Consider the two sets of points in the lines A BandC D. What 
is the intersection of these two sets ? The intersection of these two 


Sets is a single point О. This point is called the point of intersection 
of the two lines. 


Consider a poiut О on the line AB. It separates the line into 
_ two half lines whose intersection is null and the union of the set of 
| points in the two half lines and the singleton O is the whole line. 
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The union of O and one half line is called a ray and is repre- 
Sented as 
P 


O 9 


zx 
and can be expressed as OP, where P is any other point of the ray. 


Consider two opposite edges of a foot rule. They are lines. 
What is their intersection ? Their intersection is null. Such lines 
as lie in the same plane and whose intersection is null are called 


<> << 
parallel lines. A B and C D are parallel. 


A B 
س‎ 


> ا‎ _—› 
[^ D 

Consider two edges in the room, one horizontal and one verti- 
cal, not meeting. They do not meet, yet they are not parallel, since 
they do not lie in the same plane. Thus two lines may or may not 
Intersect. If they intersect their intersection is a single point and they 
lie in the same plane. If their intersection set is null, they may or may 

not be parallel. If they are parallel they lie in the same plane. 


COLE 


Consider the intersection set of a line and a plane. Ask the 
children the various possibilities, they can consider edges and walls 
in the room. 


(i) If the intersection is null, the line is called parallel to the 
plane. 
(ii) If the intersection is the whole line, the line is said to lie 
in the plane. 
(iii) If the intersection is a single point, the point is called the 
point of intersection of the line and the plane. 
Can a line and a plane intersect in two points only 7 No, for if the 
two points A and B are on the plane, then the whole line AB is in 
the plane. 


Next ask the children the possibilities of intersection, of two 
planes. Let them look at the walls. 
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Their intersection may be null in which case the planes are 
parallel. If the intersection is not null, it is a line, which is called the 
line of intersection of the planes. 


Consider three dines i in a plane (on the black board). What can 
be their intersection ? 


(i) The intersection of every pair can be null. The lines are 
then parallel. 


(i) (0) 


(i) Their intersection can be а point. The lines are then called 
concurrent. 


(iii) The intersection of a pair can be null, but the two lines can 
have a non-null intersection with the third. The first pair 
E uen parallel and then the third line is said to intersect 


= 


(i) Every pair may have a non-null intersection, 
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. Next consider three planes. A pair of planes may intersect in 
à line or they are parallel. £ 


Ask the children ail possibilities about the intersection sets of 
these planes. 


: () The intersection of every pair can be null, in which case 
the three planes are parallel. 


puc wes 
ARTE PIA 


(ale а TL uc LEER I o 


ue A 


(ii) The intersection of one pair can be null and the third plane 
can intersect each of these two in a straight line. 


(iii) ey pair can intersect in the same line (e.g. sheets of a 
ook). 
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(iv) Each pair can intersect in separate but parallel lines 
(giving rise to a triangular prism). 


eS 


(у) Each pair of planes can intersect in different lines while 
each group of three planes intersect, in concurrent lines. 
These three lines are the edges of a triangular pyramid. 


You may give to each child :— 
(i) First two long iron needles (of the t 
to examine the intersection of two 1 


(ii) Then two card board sh 
two planes, 


(iii) Then one needle and one card board sheet to examine the 
cases of intersection of a line and a plane. 


(iv) Then three needles to examine the various cases of inter- 
section of three lines. 


(v) Then three card board sheets 
of intersecti 


ype of knitting needles) 
ines, 


€ets to examine the intersection of 


to examine the various cases 
on of three planes. 


You may also give 2 sheets and 1 needle or 3 sheets and 1 
needle or 2 sheets and 2 needles or 3 sheets and 2 needles and let the 
children discover all Possibilities. You may be patient and let the 
children try and discover, You can al: 
for each possibility which you may sh 
themselves. The visual aids will fix id 


Experiment 76 : 


86 


all the points between А and B on the line is called the Jine segment 
AB. 
Line segment 
E 
A B 

Let A, B, C be three points in the plane, not lying in the same 
Straight line. The union of the three line segments AB, BC and CA 
is called the triangle ABC. А, B, C are called vertices of the triangle 


and AB, ВС, СА are called its sides. 
A 


Triangle C 


Similarly a quadrilateral ABCD is the union of the line segments AB, 
BC, CD, DA where no three of the four points A, B, C, D are 
collinear. 


A 


Quadrilateral 
Let the children define similarly a pentagon, a hexagon, a 
heptagon and an octagon. 


A 
A A B ga Ai 
B 
B Ep 5 |р В 6 
C C ya 
س‎ 
[^ D E D DE D E 
Pentagon Hexagon Heptagon Octagon 
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If we take any number of points Ај, A; Аз, А,.........‚ no 
three of which ae collinear and join these in a cyclic order, joining 
the last point to the first, then union of all line segments gives a 
polygon. The points are called vertices and the line segments are 
called sides of the polygon. 


Thus Hexagon ABCDEF = ABUBCUCDUDEUEFUFA. 


A polygon in which no point except vertices occurs more than 
once is called a simple polygon. All the figures given оп page 87 
are simple.:, The following are not simple. 


(iv) 
C D 
C D 
< X 
А B А B 


We consider simple polygons only.*^ Of course, the children can 
be'askedito plot five ar six points at random on their exercise books, 
name the points as A, B, C, D, E, F and to join these in order and 
let them discover simple and non-simple polygons. 

Every simple polygon separates the plane into an interior and 
an exterior. Both are sets of points. Their intersection is null. The 
union of the interior of a polygon, exterior of the polygon and the 
polygon itself is the whole plane ; these three sets of poinis are 
disjoint i.e. the intersection of every pair is null. Let the children 
colour the three’sets in different colours. 

The union of a polygon and its interior is called a polygonal 
region (triangular region, pentagonal region or hexagonal region etc. 
as the case may ђе), 


Consider the following :— 


EXTERIOR EXTERIOR 


EXTERIOR EXTERIOR 


In drawing each of them : 


(i) We can start from any point and end at the same point. 
(ii) We have not to lift our pencil from the paper. 
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(iii) The pencil does not pass through any point twice, except 
the starting point. 
, Such curves are called simple closed curves. All simple polygons 
are simple closed curves, but the converse is not true. 

Each simple closed curve separates the plane into an interior 
and an exterior. If we join a point in the interior to a point in the 
exterior, the line has to have a non-null intersection with the curve. 

The union of a simple closed curve with its interior is called a 
plane region. 

: Though all the above curves are simple closed curves, the 
children may note some differences. If we join any two points on the 
boundaries of first and third curves, all points on this line segment 
except the points joined, lie in the interior. This does not happen in 
the second and fourth cases. The simple closed curves of the first 
and third type are called convex curves, and the corresponding regions 
are called convex regions. Of course, polygons which are simple 
convex closed curves are called convex polygons. 

Let the children draw curves and polygons which are 

(i) open. 

(ii) closed. 

(iii) closed but not simple. 

(iv) simple closed. 

у) simple, closed but not convex. 

(vf) simple, closed and convex. 

A circle is obviously а simple closed convex curve. 
Experiment 77: Polyhedra 

(а) Pyramids and Cones 

Draw a triangle ABC in a plane. Take a point О outside the 
plane. Join O to all points of the triangle. 


0 


В [^ 
Consider the union of the triangular regions OAB, OAC, OBC, 
ABC. This union is called a triangular pyramid ; O is called its 
apex and the triangular region ABC is called its base. О, A, B, 
are called its vertices, segments OA, OB, OC, AB, AC, BC are 
called its edges and the fcur triangular regions are called its faces. 
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This triangular pyramid divides the whole space into three 
disjoint sets (i) the interior (ii) the pyramid (iii) the exterior. The 
union of the interior and the pyramid is called à triangular pyramidal 
region. 

We may similarly draw any polygon e.g. a quadrilateral, a 
pentagon, a hexagon etc. in a plane and join the vertices of this to an 
apex O outside the plane to get a pyramid with a number of 
triangular faces and one polygonal face called the base. 

The teacher may show the following solids and ask the children 
to complete the table. 


Number Number Number 
of vertices of faces of edges 


Pyramid V F E УЉЕ V+F—E 
Triangular 

pyramid 4 4 6 8 2 
Rectangular 

pyramid 5 5 8 10 2 
Pentagonal 

pyramid 6 6 10 12 2 
Hexagonal 

pyramid T 7 12 14 2 
Heptagonal 

pyramid 8 8 14 16 2 
Octagonal 

pyramid 9 9 16 18 2 


Let the children notice that in every case sum of number of 


vertices and faces exceeds the number of edges by 2, This is k 
as Euler's Formula. мека vip us 


EE We draw a simple closed curve in a plane and join every 
Point of it to an apex outside the plane, we get a cone which is the 
union of the curved surface and a plane region. 

ЈЕ the simple closed Curve isa circle, we call it circular cone. 


If the apex is just vertically above the centre of the circle, the cone is 
called a right circular cone. 
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(b) Prisms and Cylinders 


Take two planes, parallel or not and draw two triangles ABC 
and A'B'C'on them. Join AA’, ВВ’, CC’, we get 2 triangular and 3 
quadrilateral regions. Their union is called a triangular prism. 
Similarly we have quadrilateral prisms (including square prisms, 
rectangular prisms), pentagonal prism, hexagonal prism and so on. 


B C 
Let the children complete the following table :— 


Base Prism V F E УЉЕ V+F-E 
Triangle Triangular 6 5 9 11 2 
Quadrilateral Quadrilateral 8 6 12 14 2 
Square Square 8 6 12 14 2 
Rectangle Rectangular 8 6 12 14 2 
Pentagon Pentagonal 10 7 15 17 2 
Hexagon Hexagonal 12 8 18 20 2 
Heptagon Heptagonal 14 9 21 23 2 
Octagon Octagonal 16 10 24 26 2 


ШШ 


If the two bases are simple closed curves, then the union of the 
curved surface and the two base regions is called a cylinder. 
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ТЕ the curves are circles, we get a circular cylinder, 


If the lines joining the centres of the two equal circular bases 
is perpendicular to the planes of the bases, the cylinder is called a 
right circular cylinder. 


(c) Other Polyhedra 
We can have an infinite number of pyramids and an infinite 


number of prisms. We can get other polyhedra (closed surfaces with 
many faces) by combining these e.g., the following :— 


In each case, let the children verify that V4. F—E=2, 
(4) Regular Polyhedra 


cad 1 at every vertex 3 edges 
Another one is the double Square pyramid. 


А It has 8 triangular faces and at each vertex 4 edges meet. Since 
it has 8 faces it is known as octahedron. 


There are only three other polyhedra satisfying the above 
conditions (what are these conditions ?). The five polyhedra are :— 


Polyhedron ју: F E V+F-E 
Tetrahedron 4 4 6 2 
Cube 8 6 12 2 
Dodecahedron 20 12 30 2 
Octahedron 6 8 12 2 
Icosahedron 12 20 30 2 


These five polyhedra are known as regular polyhedra. These 
were known to the Greeks who were very much fascinated by these. 
The union of a polyhedron with its interior is called a regular solid. 
There are thus five regular or Platonic (after Plato, the great Greck 


thinker) solids. 

Let the models of all these pyramids, ‘prisms and regular 
polyhedra be shown to the class. These may be made of wood or of 
glass. A number of these are available as mineral shapes and there- 
fore these models are made for geology laboratories. 

The children can also make models of sorne of these by :— 


(i) Pasting together card board pieces of the shapes of the 
faces. A systematic and simple method of construction 
will be given in Volume II. 


(ii) Plasticine moulded to the shape of the polyhedral solids. 


Experiment 78: Н.С.Е. and L.C.M. 


To find the highest common factor of a set of numbers, we 
find sets of factors of each number, find the intersection of these sets 
and then find the highest or largest number of this intersection set. 
Thus to find the H.C.F. of 8, 12, 16, 48, we have : 


set of factors of 8 is (1,2, 4, 8} 
set of factors of 12 is (1, 2, 4, 6, 12} 
set of factors of 16 is (1, 2, 4, 8, 16) 
set of factors of 48 is (1, 2, 3, 4, 6, 8, 12, 16, 24, 48) 
the intersection of these sets is (1, 2, 4) 
The largest member of the intersection set is 4. 


Therefore the H.C.F. of 8, 12, 16, 48 is 4. 


Similarly to find the L.C.M. of a set of numbers, we find sets 
of multiples of the numbers, find their common set or intersection set 
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and then find the least member of the intersection set, Thus to find 
the L.C.M. of 8, 12, 16, 48, we have 


the set of multiples of 8 is 


(8, 16, 24, 32, 40, 48, 56, 64, 72, 80, 88, 96,......} 

the set of multiples of 12 is 
(12, 24, 36, 48, 60, 72, 84, 96, 108, 120, 132,...... H 

the set of multiples of 16 is 
(16, 32, 48, 64, 80, 96, 112, 128, 144. 160,...... } 


the set of multiples of 48 is {48, 96, 144, 192, 240, 288,......) 
The intersection set of all these sets is (48, 96, 144, 192.02) 
The least number of this intersection set is 48, 

Therefore the L.C.M. of 8, 12, 16, 48 is 48. 


Let the children do a number of examples of finding H.C.F. and 
L.C.M. from first principles. 


Let the children also note here a set is written by enclosing its 


elements within curly brackets. Let them also note that ... stands for 
'and so оп'. 
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Truth Sets and Their Graphs 


[EXPERIMENTS 79—88 ] 


Experiment 79: Making Sentences 
х=] [Wee] berd 
(1) (2) (3) (4) (5) 


The following types of activities are possible : 
(a) Give (1), (2), mA and (5) and ask the child to give (4) e.g., 


7-4 0 (answer > ) 
7+6 O (answer = ) 
7+5 OF 14 (answer <) 
(b) Give (1), (2), (3), (4) and ask thechild to give (5) e.g., 
7—4 = 0 (answer 3) 
7—4 Û (answer : 0 or 1 or 2) 
7—4 < 0 (answer 4 or 5 or 6 or 7 or...) 
(c) Given (1), (3), (4), (5), find (2) e.g., 
10 [14456 (answer —) 
10 [] 5:15 (answer +) 
10 Е “4 => 8 (answer +) 
12 [] 8«5 (answer —) 
(d) Given (2), (3), (4), (5), ask the child to find (1) e.g., 
O + 5= 6 (answer 1) 
О + 5>6 (answer 2 or 3 or4 or 5 or 6 or...) 


(e) Given (2), (4), (5), ask the child to find (1) and (3) e.g., 
+ A =5 (answer 1 and 4, 4 and 1, 2 and 3, 3 and 
2, 0 and 5, 5 and 0) 


E] + A <4 {answer (0, 0), (0, 1), (1, 0), (1, 1), (1, 2), 
Q, 1j 


, 


93 


Again ask children to fill in the frames in the following 


60302, 8 —3 = 4, 307=21 

80204, 0 +3 = 4, 

90302, 504 = 20, 

93 04, 200 4= 5, 
50609 = (5 0 6)+(5 O 8) 


Construct а large number of such examples. 
Experiment 80: Open Sentences and Truth Sets 

Consider the sentences 
3 + 2= 4+1 
20+ 5 < 20—5 
3 +10 < 10+3 
5 + 6< 3+9 

The first and second are true sentences, the third and fourth are 


false. The children can construct a large number of examples of 
both true and false sentences. 


Consider now the following sentences 
o>5 
It will be true if we write 6 or 7 or 8 or 9 etc. in the square. It 
will be false if we write 1 or 2 or 3 or 4 there. Thus this sentence is, 
as it is, neither true nor false. 


It is an example of an open sentence. The set of numbers 6, 7, 


BI Oss for which it is true is called its truth set, We can 
have more examples. 
Open Sentences Truth Set 
mM <5 (0, 1, 2, 3, 4} 
05 00, 1, 2, 3, 4, 5} 
o>4 (5, 6, 7, 8, 9...) 
[512523 (3, 4, 5, 6,...} 
0+3 = 5+2 (4 
0+0 = {0} 
O+A=5 (0, 5), (1, 4), (2, 3), 
(is. 2), (4, 1), (5, 0) | 
DEA (s fe 1, 4), (1, 2, 2), (2, 3 2j 
О = 0+2 Ж 
O-Oe-! { } 
З AD {(1, 0), (2, 1), (3,2),...) 
+4 = 4+0 the universal set i.e. set of 
all numbers 
О+-А = А+0 the universal set i.e., set of 


all numbers. 
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WE 7} the universal set i.e. set of 
| CEA K > = 0+ (A9 5) ataumbes 


о e 
| (054) = 5 = 0– (AY) ti 


-А = 4 (6, 1), (6, 2), (7, 3), (8, 4),...) 


. In each of the aboye open sentences, same number is to be 
written in each square ; similarly triangles have to have the same 


number and diamonds have to have same numbers. Numbers in 
squares, triangles and diamonds can be different. 


The children can construct more examples. Finding truth sets 
of open sentences is one of the most important activities in mathe- 


matics 
Experiment 81: Joining lattice points 

Consider (J+ A =5. 

We considered this in experiments 79 and 80. We got the truth 
set : ((0, 5), (1, 4), (2, 3), (3, 2), (4, 1), (5, 0)}. 

We can represent these on the number plane as follows : 


T 


Interpret (0, 5) as follows : Move 0 step towards the right and 
5 steps upwards. We reach А. Similarly (1, 4) means : move 1 step 
towards the right and 4 steps upwards. We reach B. Similarly 


other solutions give С, ТЭ, БЕР, 
97 


When we join them we find that the points lie on straight line. 
The children may in the same way draw straight lines corres- 
ponding to O+A = 6, O—A = 3, £]— Д = 4 etc. 
Experiment 82: Truth sets of inequalities 
Consider the open sentence 
O+A<5 
What are the members of the truth set ? These are 
(0,4) (0,3) (0,2) (0,1) (0,0) 
(1,3) (1,2) (1,1) (1,0) 
(22) (2,1) (2,0) 
(8,1) (3,0) 
(4,0) 
Ask the children to show these points in the figure on page 97. 


Ask whether any other point on the figure satisfies the above 
sentence. In fact all points below the line do it. What is the 
sentence tbat all points above the line satisfy ? 


Obviously П + A75. 

Similarly ask the children to graph the truth sets of 
+A>6, 0+A<3, П+Л>5, (+ A «5. 
Experiment 83 : Geometrical figures 


Give the following coordinates and let these bejoined in order 


to get figures. You may start by explaining the meaning of co- 
ordinates, 


(0,7), (2,7), (1,9) Triangle 
(3, 7) (5, 7) (5,9), (3, 9) Square 
(6, 7), (9, 7) , (9, 9) , (6, 9) Rectangle 
(1, 4) , (3, 4) , (4, 5), (2,6), (0, 5) Pentagon 
(6, 4) , (7, 4), (8, 5), (7, 6), (6, 6), (5, 5) Hexagon 


(1,0), (3,0), (4, 1), (4,2) , (2, 3) , (0, 2), 
(0, 1), (1, 0) 


Heptagon 
(6,0), (7,0), (8, 1), (8, 2) (7,3), (6, 3), 
(5, 2) , (5, 1) , (6, 0) Octagon 
(0, 0) , (4, 0) , (4, 10), (3, 19), (3, 16), (2, 18), 
(1,16), (1, 12) , (0, 10) Rocket 


(10, 10) , (12, 12) , (12, 14) , (13, 19) , (14, 14) , 

(14, 12) , (16, 8) , (24, 8) 
(26, 10) , (24, 7) , (24, 4), (25, 2) , (23, 2), 

(22,3), (21, 2) , (20, 2) , (19, 4), (16, 4) , (16,2), 

(15, 2) , (14, 4) (13, 2) , (11, 2) , (14, 6) , 

(13, 8) , (11, 8) , (10, 10) Dog 
Make (12, 10) separately, 
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Experiment84: Drawing graphs of equations 
(i) Consider the open sentence [| +A = 5. 
This gives ((0, 5), (1, 4), (2, 3), (3, 2), (4, 1), (5, 0)} 


as the truth set. Joining these, we find that the points lie 
on a straight line. 


w A 


~ 


о 
~ 
~ 
~ 
A 
ч 
© 
ч 
@ 
о 
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(ii) Consider the open sentence, []— A = 3. 


The truth set consists of (3, 0), (4, 1), (5, 2), (7, 4), (8, 5),... 
Joining these, we get another straight line. 


(iii) The intersection of these two sets is (4, 1). This corres- 


(v) 


(v 


Ж 


ponds to the point of intersection of the lines. 


Consider the open sentence 

O04+2xA = 13. 
This gives ((1, 6), (3, 5), (5, 4), (7, 3), (9, 2), (11, 1), (13,0)) 
a the truth set. On joining these, we get another straight 
ine. 
Consider 
BXA = 24. 


The following are elements of the truth set : 
(1, 24), (2, 12), (3, 8), (4, 6), (6, 4), (8, 3), (12, 2). 


These do not lie on a straight line. Join these by free-hand 
Curve, we get a curve known as rectangular hyperbola. 
We find that as the number in (0 increases, the number іп 
A decreases. 


О 


vi) Consider — =6, 
(vi) Consider A 


@ 8 XE GOTE O 12 V4 STIS ON D7 DA 26 


The truth set consists of (6, 1), (12 2), (18, 3), (24,4),...... 
We get a straight line, ај не), 


( vii) The set of points on the hyperbola of (v)and line of (vi) 
have a common point. The intersection of these sets is 
this point (12, 2). 
(viii) The set of points оп the lines J+A = 5 and [+A = 6 
have no common element, their intersection is the null-set. 
(ix) Let thechildren draw a large number of graphs and find 
the common elements of the sets of points on the graphs. 
(x) Consider the graph of J+A =4 
and 2X[]4-2X A =8 
We find their graphs coincide. Allthe elements are common 
and belong to the intersection set. 
(xi) Consider the graphs of J+A —13 
OxA= 36 
Their truth sets have two common elements viz. (4, 9), and 
(9, 4). 
(xii) Consider the graphs of O = A 
2x0 = 2X A 
Their truth sets have an infinite number of common 
elements viz. (1, 1), (2, 2), (3, 3) (4, 4),...... 
Thus the intersection sets of points in two graphs may have 
no element, or one element ог more than опе element or 
an infinite number of elements. 
Experiment 85: Drawing graphs of inequations. 
Open sentences like 
229) 0<6 
TAA, +A<8 
O+As7, 0+AS9 
are called inequations or inequalities. They are open sentences 
because for some numbers in frames, they may be true sentences, 
while for other numbers, they would be false. 
Thus 8>5 is true, 4>5 is false. 
The set of all these numbers or pairs of numbers for which the 
sentence is true is called the truth set of the sentence. 
The following are examples of truth sets : 


Open Sentence Truth Set 
E25 (6, 7, 8, 9, 10, 
[25 НО вои 
О+А > 7 [ am 1), (6, 2), (5, 3), Я 4), (3, 5), ) 
LG, D, (6, 9): G9 
7 (7, 0), (6, 1), (5, 2),. ee 
ay АС o \ 


(i) The points corresponding to 
O+A <5 

are shown by circles (0). 
(ii) The points corresponding to 
O+A>5 

are shown by crosses (x). 
(iii) The points corresponding to 
ОФА =5 

are shown by triangles (A). 
(iv) The intersection of these three sets is null. 


(v) The union of these sets is the universal set consisting of all 
points with non-negative integral coordinates. 


СЕХИ X "X DOOD хох R 
И KIX FXUCYC х-х 
OPK ИС ЕХ ПУЖ Sexe 
D ES ES А POS Пе ЮС ES SC 
00 ЛИН МИНИ aC S У TES 
ЗОО х DG је x 
001000 АЈ SC хох X 
ПОО OI OAS OX, Xx x 


МИ АЕ НАСА To 7,08; 9 0 
(vi) The truth set of 
HAS 


is given by circles and crosses together i.e. by the union of 
the truth sets of -+ A <5 and OFA = 5. 
(vii) Similarly the truth set of 
EFAS 
Is given by crosses and tri 
of solution sets of. 


(viii) The truth set of 
Охд > 24 
SS of crosses above the hyperbola, 
о 


Охд < 24 
Consists of circles below the hyperbola, 


angles i.e., it is given by the union 
+A> 5 and []2-A—5. 


con 


set while the truth 
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(ix) It may be noted that we are considering only lattice points 
with non-negative integers as coordinates i.e. at present 
only such points can belong to our truth sets. 


Experiment 86: True sentences, false sentences, open 
sentences, further examples of truth sets of 
open sentences. А 
Write on the board sentences like 
5>3, 54+9=6+8, 7—3=8—5, 3-4:=5°, 21 E3*— 4, 
93.- 83—55, 92— —4, 21= 1.3.7, 28—1-4-24-44-7 4-14. 
and let the children state which sentences are true and which are 
false. Let them give more examples of true sentences and of false 
sentences. 
Now write sentences such as 
0 > 5. This will be true if in the frame we write, 6 or 7 or 8 or 9 
etc. This will be false if in the frame we write, lor 20r 3 or 4. 
Therefore this sentence can be true or false depending on what 
number we write in the frame. Such sentences are called open 
sentences, since their truth or falsehood is an open question. The 
set of values for which the sentence is true, is called its truth set. 
Give more examples like the following : 


Open Sentence Truth Set 
025 (5, 6, 7, 8, 9, 10,................ H 
Ox3=24 {8} 
[--—1 ¢ (The square of an integer is never 
negative) 
meal LD A нећака 


п+А= 5 is 5), (1, 4), (2, 3), (3, 2), (4, 2 
(5, 0), (6, —1), (7, —2)5. 
OxA =24 ЈЕ 6), (6, 4), (8, 3), (3, 8), (12, 2), | 
(—3, 8) 
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Охдезб 
O+A=13 | 


El At= 
C+ At=—1 


П+д=7 | 
2xO42xA=16 | 


O+A=7 | 
O+2xA=13 f 


{ (5, 1), (6, 0), (7, 2), (8, 1),...... } 

{ @, 1), (2, 2), (—4, 2), (4, 0),....... } 

(3, 4), (3, —4), (4, 3), (4, —3), | 
ee sae) sere 
(3, 4, 5), (6, 8, 10), (9, 12, 15), | 

| (5, 125 13), (10, 24, 96),........... 

{ (7, 0, 0), (6,1,0), (5,1,1), (4,2, 1)} 

{ (6, 0, 0), (4, 1, О) } 

{(1, —1, 0), (2, —2, 0), (3, —8,0),......) 
However if we consider the set of 
positive integers only, the truth set 
would be ¢, since there are no three 
positive integers for which the sentence 


is true. This is known as Fermat’s last 
theorem, 


{ (1, 1), (3, 9), (5, 25) (—6, 36),...... } 
(Note : square of an odd natural number 


is odd and square of an even natural 
number is even.) 


{ (0, 0), (1, 1) } 
{ (4, 9), (9, 4) ) 


{ (0, 0) } 
$or( } 


$or( } 


{ (1, 6) } 


Let the children note the following : 


(i) When а sentence 
numbers, we Say i 
natural numbers, 

(ii) An open sentence may not be 
number, but may be satisfied by 
truth set is then not null in the dom: 

(iii) If an open sentence is not satisfied 
Setis null in the d 


may not be null in bigger domai 
Study later, 
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cannot be satisfied at all by natural 
ts truth set is null inthe domain of 


Satisfied by a natural 
negative integers, Its 
ain of integers. 

by any integer, its truth 
omain of integers. The truth set 
nS which the child will 


(iv) When two sentences are given and we want to find their 
truth set, we can find the truth set of each sentence and 
find the intersection of these sets. 

(v) To find truth set of [J+A «5, we can find the truth set 
of O+ A —5 and that of + A «5. The union of the 
truth sets of thesetwo sentences gives the truth set of the 
original sentence. 


(vi) The intersection of the truth set of []--AZ5 and 
+ A <5 15 the truth set of O + A =5. 
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Experiment 88: Use of letters of alphabet ín open sentences 
In our earlier discussions, we have used DA, <> etc, in 


open sentences. These were frames in which numbers could be 
written. For some numbers these gave true sentences, while for some 
others, they gave false sentences. 


Instead of these, we can use Gh GS ыл O Ze canes etc. 


After earlier practice with ERA; C etc. children find no difficulty 
with the use of letters of the alphabet. [], A etc. аге place: holders 
or position holders. We can write numbers in these frames, х, у, 2 
are symbols which can be replaced by number from same number set 
which may be called Teplacement set. As examples, we have 


Open Sentence Truth Set 
x+2=5 {3} 
x>5 167402010 e ) 
x+y=5 (x—1, y—4), (х=0, y=3), (x—3, p= 2) 
x+y=y+x Universal set (commutative law) 
ХХу=ухх Universal set (commutative law) 
(x+y)+z = x4 (4 z) Universal set (associative law) 
(xxy)xz = xx (xz) Universal set (associative law) 


ХХ(у+2) = (xx )t(xxz) Universal set (distributive law) 


(x+))+2 = (x+z)+(y+z) = integers except zero (distributive 
aw 


XXX = x5 Universal set 

Xxx = д? Universal set 

х= хх (0) 

x= x+] den 

xx () 

хху = 36 

xy = 13 (к= 4, y = 9), (х= 9, у 4), 


ах (0+4) (ах) (ax с) (ах d) 

(+04) x a= (ха) (ex a) (аха) 

(с) =(ахо) (аха) (5x e) + (bx d) 
х=у= 4,2= 5) 


Universal set 
Universal set 


Universal set 
фу. = 2: 
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Some Number Theory 


[EXPERIMENTS 89—92] 


Experiment 89: Prime and composite numbers. 


Give the child 15 counters. Не сап arrange these in a rect- 
angular array of 3x5. Similarly 24 counters can be arranged in 


3x8 or 4x6 or 2X12 arrays 
HHHH i : H 
3x8 6X4 


2x12 


On the other hand, give the child 7 counters, he can arrange 
these only іп 1 X7 arrays. Similarly 11 or 13 or 17 counters can be 
arranged only in 1 X11 or 1x 13 or 1X17 arrays. 


Numbers like 15 and 24 which can be expressed as product 
of two numbers both different from 1 are called composite numbers, 
while numbers like 11 or 13 or 17 which can be expressed as product 
of two numbers, one of which must be 1, are called prime numbers. 


Тће number 1 itself is neither prime nor composite. 

Ask the children to guess all prime numbers less than 100. 
пе 8 wrong conjectures by some children be corrected by other 
children. 
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Experiment до : The sieve of Eratosthenes 
Write numbers 1 to 100 : 


1 2 3 # 5 $ 7 # Ў jb 
IPTE ND M жоош (а O19, Кы 
UL. gp РЕНЕ Yl.» .» 
3 ай oai 38? 09035 сы ы 7 gh 3 4 
ac. BURO ТР 4 p % 
МЕ UNT Y 9% sos s 
а € d dg 6 6 с d sg my 
Паза E ow у 7% 79 ab 
"ев м ав а 8 вв 89 эб 


1e 
"S. 
Y 
а. 
78e 
s 


a up. у 

Let one child strike off numbers obtained by multiplying 2 by 
УНА HOA BI. Since these аге all composite 
(2 is one factor). Again ask another child to strike off numbers 
obtained by multiplying 3 by 2, 9147546, 790 0 M > 33 ће. let 


him strike off all multiples of 3, since these are all composite (3 is 
one factor). 


Similarly strike off numbers obtained by multiplying 5 by 2, 3, 
215716) 7, 8; САЯ ; 20 and numbers obtained by multiplying 7 by 
XGA LEE 14. 


mm‏ ,2 و 


The remaining numbers are all prime. 
multiplying any number by 2,3, 4, 5 
of that number, i Е 
6, 7, 8, 9, 10. In fact when multiples of 2 are struck off, multiples 
of 4, 6, 8, 10 a i 


struck off, multiples of 6 


multiples of 2, 3, 5, and 7 
only. 

Check that 2x14-1 is prime 
2xX3x14-1 is prime 
2X3x541 is prime 
2X3x5x74-1 is prime 


Give other similar prime numbers, 


Experiment gı : Fibonacci numbers 


Consider the numbers 
1515 2; 3,5, 8, 13, 21, 34, 55, 
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Encourage the children to recognize the patterns e.g. 

(1). The numbers are increasing. 

(2) Except the first and second, each number is the sum of the 
preceding two. 

(3) If we take three numbers, square of the middle number is 
either one less or one more than the product of the other 
two numbers. 

The numbers have botanical applications e.g. in ferns, in one full turn 
there are 2 leaves, in grasses, in one full turn there are 3 leaves, in 
beach in one full turn there are 3 leaves, in cherry in 2 full turns 
there are 5 leaves, in pears in 3 full turns there are 8 leaves and so on. 


Encourage the children to form other number patterns e.g. 

(i) Each number (except the first three may be the sum of the 
preceding three numbers). 
1,1, 1, 3, 5, 9, 17, 31, 57, 
1,2, 3, 6, 11, 20, 37, 68, 

(ii) Each number is double of the preceding 
152/47 8, CREA a e e СМЕЙ 
Similar patterns may be recognized in the following : 

(iii) (1x D, (2x 3, (8x5), (4x7), (5х9), (6x1), (7x 13), 
(8-15), 5. оО ER 
The first number in the brackets increases by unity. The 
second number increases by 2 each time. 
(0) 1.8; 2764, 125, 216, EOE Ми ИКО ка 
The numbers are cubes of 1, 2, 3, 4, 5, 6 ......Tespectively. 
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(60) 116 E O Wa, ABE E И 
Add successively 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 


(YD) Ty is DE NOT LU ere ee O 
These are 1x1, 1x2, 1x2x3, 1x2x3x4, 
MOONE yT etc. 


Give children a large number of such patterns, ask them to 
recognize these patterns and give the next three numbers in 
each case. 


Give the children a specific number of points and let them 
join these by line segments and count the total number of 
line segments. 


Number of Points Lines Number of Lines 
2 1 
3 9, 
4 6 
5 10 
6 15 


Let them recognize that the pattern is the same as in (») above. 
Experiment 92, Tests of divisibility 


In deciding whether a given numbe: 
some other problems, it is useful to be a 
number is divisible by another num 
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г is prime or not and in 
ble to decide whether a given 
ber without actually dividing. 


x This can be decided by just considering the digits in the number. 


(1) 
(2) 


(3 


Gm 


(4) 


(5) 


(6) 
(7) 


Thus we have the following rules : 


Every number is divisible by 1. 
Consider the number d c b a, This is equal to 
10004-- 1002 + 105--a 
10004 is always divisible by 2. 
100c is always divisible by 2. 
105 is always divisible by 2. 
“. the given number would be divisible by 2 if and only if 
a is divisible by 2 i.e., if а=0 or 2 or 4 or 6 or 8. 
Thus a given number is divisible by 2 if the digit in 
the unit’s place is o or 2 or 4 or 6 or 8. 
Consider again the number d c b а. This is equal to 
10004 + 100c+ 105-1- a= (999d-L 92 + 9b) 

+ (d-- c 4- b -- a). 
All the numbers in the first bracket are divisible by 3. 
Therefore the given number would be divisible by 3 if 
d+c-+ b4-a is divisible by 3. 
Thus a given number is divisible by 3 if the sum of 
its digits is divisible by 3. 
Consider again 1000d+ 1002 -- 105 + а 
10004 is always divisible by 4. 
100c is always divisible by 4. 
Now 10b+a=8b-+(2b+a) 
and 8 b is always divisible by 4. 
Therefore the given number is divisible by 4 if 2b+a is 
divisible by 4. 
Thus a given number is divisible by 4 if the sum of 
its digits in the unit’s place and twice the digit in 


the tenth place is divisible by 4. 
Again consider 1000d+ 100c+10b+a 
The first three numbers are always divisible by 5. 
Therefore the given number would be divisible by 5 if a is 
divisible by 5 те. if a=0 or 5, 
Thus a given number is divisible by 5 if the digit in 
the unit's place is o or 5. 
A given number is divisible by 6 if it is divisible 
by both 2 and 3. (Why ?) 
Now 
100000/-1- 10000e + 1000d 4- 100c + 10D +a 
= (100002f+ 10003e+ 1001d-+ 982 --75) 
+ (—2f—3e—d+2c+3b+a). 
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(8) 


(9) 


(10) 
(11) 


(12) 


"The numbers in the first brackets are all rd by 7. К 
Thus the given number will be divisible by 7 if the number 
in the second bracket is divisible by 7. Thus a ا‎ 
number is divisible by 7 if (digit in the unit's place 
T3 (digit in the tenth place)--2 (digit in the hun- 
dredth place)—(digit in the thousandth place) zd 
(digit in the ten thousandth place)—2 (digit in the 
hundred thousandth place) is divisible by 7. 

Consider 1000d+ 100c4- 105--a 

=(1004+ 962--85) + (4c--2b--a) 

The numbers in the first bracket are all divisible by 8. 
Therefore a given number is divisible by 8 if the 
sum (digit in the unit's place)--2 (digit in the tenth 
place)+4 (digit in the hundredth place) is divisible 
by 8. 


10004-- 100c-- 105-1 а 

= (999d-- 99c--9b) -- (d+ c-4- b+a) 

We easily deduce that a number is divisible by 9 if 
the sum of its digits is divisible by 9. 
А number is divisi 
place is o. 

1000d+ 100c+ 106+a 

=(10014+ 992- 1 15) +(~—d+ce—b+a) 

А given number is divisible by 1r if the following 
sum is o or is divisible by її: (digit in the unit’s 
place)— (digit in the ten’s place) + (digit in the hund- 
кеа» Paco digit in the thousand's place)+( — ) 


ble by 1o if the digit in the unit's 


We can similarly develop tests of divisibility by other 
numbers. Devel 


0 opment of these tests gives the children а 
firm idea of the place value System. 


Since 7X 11x 13—1001, а number which is divisible by 
1001 is also divisible by 7, 11 and 13. In other words, а 


given number is divisible by7, 11 or 13 if the number 
Obtained by sub 


btaii fracting any multiple of 1001 from it is 
divisible by 7, 11 or 13,5 3 p 
Let the children 


(а) apply each of these tests to a large number of 
examples ; and 

(b) note how these tests will determine the remainders in 
case the numbers are not divisible by a given number. 
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Modular Arithmetic 
and 


Logical Reasoning 


[ EXPERIMENTS 93—96 ] 


Experiment 93: Modular Arithmetic or Clock Arithmetic 
Modulo a Prime Number 


. Instead of the usual number line, we consider a round number 
line or a number clock with only a finite number of numbers. 


Consider the clock with only 7 numbers 0, 1, 2, 3, 4, 5, 6. 
To add two of these numbers, we move the pointer from 0 as many 
Steps as the first number and then move it further as many steps as 
the second number. Thus to find 3+6, we move the pointer first 3 
steps and then 6 further steps. The pointer reaches 2 so that in our 
clock 3+6=2. In this way, let the children complete the table given 


On the next page : 
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Let the children notice the following :— 


[0] 


(ii) 
(iit) 
(iv) 


(v) 


(vi) 


Next ask a child to multi 
pointer move 4 steps of 3 each, 
the children complete the multipli 
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The system is closed for addition, ie, if we add two 
numbers of the clock, we get a number of the clock. 
The commutative law for addition holds. 


The associative law for addition holds. 

There is an additive identity 0 i.e, 
O0+0=0+0=0 

is always a true sentence, 


There is an additive inverse for every element i.e., for every 
clock number there is another clock number which when 


added to the first gives zero. This is seen from the table 
as well as from the clock, 


The above table can also be prepared by using the rule 
that to add any two numbers of the clock, we ада them in 
the usual way and then subtract 7 or а multiple of 7. This 
type of addition is called addition modulo 7. 


It goes to 5, so that 3x4=5. Let 
cation table given on the next раге“ 


ply 3 by 4 on this clock i.e., let the | 


Let the children notice that 


(0 


(ii) 
(ili) 
©) 

(у) 


(vi) 


(vii) 


The system is closed for multiplication i.e., when we 

multiply two numbers of the clock, we get a number of the 

clock. 

The commutative law for multiplication holds. 

The associative law for multiplication holds. 

The distributive law holds for multiplication over addition. 

There is a multiplicative identity i.e. а number 1 such that 
О х1=1хО=0 

For every element except ‘0’, there is a multiplicative 

inverse i.e. given any number except 0, we can find another 

number such that the product of the two is ‘1’. Thus 

2x4—1,3x5—1,6x6-1. Thus 2 and 4 are inverses of 

each other, 3 and 5 are inverses of each other, 6 is inverse 

of itself. 


Multiplication of two numbers is modulo 7 i.e. we can 
multiply two numbers іп the ordinary way and su!tract a 
multiple of 7, so that the remainder is one of the clock 


numbers. Thus 2X5 would be 10. 
If we subtract 7, we get 3 so that 2 x 5—3. 
117 


Experiment 94: Modular Arithmetic : Modulo a Composite 
Number 


The children can construct other modulo clocks, like the 
following : 


Modulo 6 Modulo 12 Modulo 5 
clock clock clock 


For each of these clocks, let the children complete addition and 
multiplication tables and let them notice that the above properties, 
except one, always hold. The exception is (vi) for multiplication. 
Thus for modulo 6, we find 

2x1—2,2x2—4, 2x3=0, 2x4—2, 2x5—4, 
we never get 1 as the product. Multiplicative inverse does not exist 
for any number except 1. 


We also notice that in modulo 6 clock 
2x3-0 
Le, though neither factor is zero, yet the product is zero. This, of 
course, cannot happen in the ordinary arithmetic of the number line. 


(Contd.) 
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Experiment 96: 


Implication. 


If from a certain statement P, another statement Q can be 


If from the statement Q, we can deduce statement P, we of 


| deduced, we write P => О and read it as “Р implies Q’. 
> 


course write О >Р. 


If О can be deduced from P and also P can be deduced from Q 


(i) 


(її) 


(iii) 


(iv) 

(>) 
(vi) 
(vii) 


(viii) 


(ix) 


(x) 


х=5 
2x=10 
=> 
2х=10 
х=5 
5 
xX*e225 
x>y 
x>y 
x>y 
x>y 


x>y 
X<Y 


we write Р ‹ Q and read it as 


$ f d UC RR AUR. у 


“Р implies and is implied by Q'. 
Give the children the following and other similar examples: 


2x=10 


=> 


2x=10 


х==5 


х==95 


X55 
x=5 or x= —5 


x+z>y+z 
xz>yz if z>0 
Xz«yz if z<0 
х—2>у—2 


—х<—у 
—х> ر‎ 


x>y and y>z > x>z 
ххО=ухо === хау 


х=3, у=4,2=5 2 x? уг=22 
x+y === > X— 3, у= 1,2—2 


х=4, у=2 > х+у>5 
=> x=4, у=2 


x+y>5 


Two lines are parallel => their intersection set is a null set. 
Intersection set of two lines is a null set > the lines аге 


parallel. 


It is raining heavily = there are clouds. 
There are clouds 


Æ> it is raining heavily. 
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——— от uae aL 
Bases Other Than Ten 


[ EXPERIMENTS 97—100] 


Experiment 97: Numbers in Other Bases 


One of the most important characteristics of our number 
System is the place value of digits e.g. in 555, the first digit from the 


The importance of place value, which was discovered by the 
ancient Hindus, from whom the Arab learnt it and passed it on to 
Europe, cannot be over-emphasized. Without this all our calcula- 
tions would have been extremely complicated. 


To understand the Place value system, it is useful to study 
bases other than ten. The advantages are : 


(i) The child understands the place value system better. 


(8) The child understands the operations of addition and multi- 
Plication better, 


(iii) The child gets another opportunity to study the commuta- 
tive, associative and distributive laws, 

(iv) The child gets a number of interesting and (for brighter 
children) challenging problems to work with. 

(Y) The child gets a good deal of practice in problems of 
ordinary multiplication and division. 


It is stated that man chose the base 10, because he had ten 
fingers on both hands. Now let us consider the type of numbers 
we would have, if man had decided to use fingers of one hand only. 
Instead of dealing with tens, he would be dealing in fives. 


All that we have done in earlier experiments for base ten can 
now be done for base five. 


Suppose a child is given a certain number, 


say 462, of sticks. 
Instead of bundles of te 


n, he makes now bundles of fives, He gets 
122 


= m 


92 bundles of fives and 2 Single sticks. He again combines ћу 

bundles of fives to get bundles of twenty-fives. He gets 18 bundle: 

each consisting of five bundles of fives. Two bundles of fives remain 

poe combines each 5 of the bigger bundles into a still bigger 
es 


00000 00000 00000] 


00000 50000 secos] BESS 
Гезе] | EA |(бевсе = 
= oooco 


Ш 
[2696] | |[ооооо]| |[ssses 
ооооо 00000 [e0000 [59900] 


The child gets 3 bundles of one hundred twenty-five each, 3 
bundles of twenty-five each, 2 bundles of five each and 2 bundles of 
leach. He writes, the number of sticks as (3 3 22), the suffix 
denoting the base. Thus 

(3322), = 2--2x5-E3x5?--3x53 = (462) 


In general 
(fedcba) = (a--5xb4-925xc4-195xd4 625x e4-3125 x f)io 
It is obvious that each of a, b, c, d, ........ ^. is 0 or 1 or2 or 3 
ог 4, 
Similarly, 


(fedcba), = (4+2xb+4xc+8xd+16xe+32x 7) 
Here each of the digits is O or 1. 


In the same way 
(d c b a), = (a+7 x 5+49 хс+343 x d), 


Here each of the digits is 0 or 1 or 2 or 3 or 4 or 5 or 6. Again 
(d c b a), = (а+12х6 +14%х c4-1728 ха). 


Here each of the digits is 0 or 1 or 2 or 3 or 4 or 5 or 6 or 7 
or 8 or 9 or / or e. The child can express a number in any _ base 
into a number to the base 10. This incidentally gives him practice in 
multiplication also. 


Conversely to express any number in base ten into number to 
any given base, we proceed as in the experiment with sticks. Thus 
to express (462), to base 5, we divide 462 by 5. The quotient is 99 
and remainder is 2. 2 gives the first е digit. Next divide 92 by 5. 
The quotient is 18 and the remainder is 2. This remainder gives the 
Second digit from the right. Next divide 18 by 5 to get 3 as 
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quotient and 3 as remainder. We get the next two digits. The 
operation can be represented as follows : 


5)462(9: 59208 5)18 (3) 
45. ES 15 
12 42 
a А (3) 


Оте, 


The operations сап Бе simplified as follows : 


Similarly to express 4659 into base 12, we have 


12 | 4652 


12 | 387 -(8) 
12 | 32 -@) 
© -© 


(4659) = (2838), 


This conversion gives the child sufficient practice in division 


To convert a number fr 
\ om one bas it i 
desirable to convert from the first base to n yat КЕ ол 


base ten to the Second ba е Thus S сопуег 
56, we w 
( ЈЕ ч uppose е ant to 2% 
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(358 e), = (11--12x 6+144 x5 +1728 x Зу 


5 | 5987 


—(5987),, 


—(142492). 


„ The children can do a large number of {examples of such co- 
versions. Such problems give practice in multiplication and division 


Which is more meaningful and interesting than a large drill in 
multiplication and division of arbitrary numbers. 


Addition and Multiplication in Other Bases 


For definiteness, let us consider base 5. The digits to be used 
are 0, 1, 2, 3 and 4. The numbers in the base will be 


Experiment 98 : 


1 2 3 4 10 
11 12 13 14 20 
21 22 23 24 30 
31 32 33 34 40 
41 42 43 4 100 
101 102 103 104 110 

112 113 114 120 


To form the addition table, we can use the number line. 


лкы Г» xi 
На ا ا‎ M E 
NLE Ао № 72 13 14 20 2] 22 23 24 30 3] 32 53 34 40 
ШЕР TN S 
4! 42 43 44 100 101 102 
3+4=12 


TF=] 
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Та this, the child can complete the addition table for base 5. 


3 4 


2 
2 
3 
4 


2 
3 [0 11 12 
4 4 10 i 12 13 


The table can also be used for subtraction. Thus 
13—4=4, 10—1—4, 10—3=2, 11—2—4, 12—4=3. 


То add two numbers we can use ‘carrying’ and for subtraction 
we can use ‘borrowing’. 


From the symmetry of the table about the diagonal, the 
commutativity of addition is easil i AES 
ORT DN asily verified. We can also verify 

(34+-4)44=124 4—91 
3-E(4--4)e 3413=91, 

The number line can also be used fo i iplication 
table 4x 1—4, 4x9—13, 4x jesoo. 4x43]. Thus и 

"The cummutative and associative laws for iplicati d 

[De cur 5 multiplication ап 
the distributive law for multiplication over addition can бе easily 
verified. The table can also be used for division. Thus 

312-4—4, 14--3—2 
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Multiplication and division can be done in the usual w i 
the above tables. p 


OO. 


234 using 4x4—31 
m Is 4x3—22 
4x2—13 
2101 22+30 
1343=21 
234 
42101 
1300 200x4 
301 
220 30x4 
31 
31 4x4 
0 


Using 4x 2—13, 
4x3=22, 4x4=31 
11—3= 3, 10—2= 3 
Тһе „Children need not do more complicated problems since the 
manipulative skill is required only in base 10. 

. The children should however prepare addition and multiplica- 
tion tables in bases 2, 3, 4, 6, 7. Charts of addition and multiplica- 
tion tables for bases 8, 9, 11, 12 can be displayed in the class and the 
various laws verified from them. 
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Experiment 99 : Binary Notation A p. | 

The binary scale i.e., use of base 2 is particularly important, 
since electronic computers use the arithmetic of numbers to base 2. 
The only digits used are 0 and 1 and the number line is 


Ll ТОР ЕРЕ. „1м 2| LIT ERSTER eal 
b 1 10 11 100 101 110 111 1000 1001 1010 1011 1100 1101 1110 1111 
The addition and multiplication tables are : 
+ 0 1 x 


0 if 
0 0 1 0 0 0 
1 1 10 1 0 1 


To display numbers in the binary Notation, we can use wooden 
boards with electric lamps fitted with different switches, 


First 
O= second 
Third 
Fourth 
Fifth 
Sixth 
Seventh 
Eighth 
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To show 110010, we light the Second, fifth and sixth lamps. The 

children write the number and then find its representation in the 

Scale of ten. Thus the above number is ў 
0+2х 1+4х0+8х04+16х 1+32 х1=(44) 

We can use this apparatus for coding messages e.g. the following 

Correspondence can be established : 


Number base 10 Number in base 2 Letter represented 
چڪ‎ == ү сны А 
2———— — —— 10 - ———B 
—————_—__ӦҜЕ СЕСЕ 
4——— هر‎ "D 
5——— —~-—— إل‎ E 
би OEE SES 
71——— l] G 


8———— 000 H 
ن‎ TOOT mr 


10 1010 


11 


pane 1110— — —— N 


15————————]111——————-——— Q0 


P 


16——— —— — ——10000—— ——— 
———Q 


17——— — — 10001 
18—— — —— ——10010——— — — — —R 
19 ———— ————10011——— —— — — S 
20—————— ——10100—— ——— —— —T 


21-_—_———— 10101 —— —— ————U 


———N 


оо 10100 
28— ————— 10111—- ———— —W 
24— — —— —— 11000—————————X 


25 HU 0 
26———— — ——11010— ———— 2 


The number 11111 may denote space between two words. Thus to 
give iis MATHEMATICS IS FUN, we use a wooden board 
with five lamps. The first letter to be transmitted is M. Its binary 
number is 1101. The teacher lights first, third and fourth lamps t he 
Children see the board and write 1101 in the first line and t e 
against it. When all the children have done this, the teacher m q e 
Off the lamps and lights the first bulb. The children i and) E 
against it. The teacher goes on transmitting M.A.T.H.E. MATTES 
in succession. He then lights all bulbs. This shows the chi 
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that the first word is over and the second is to begin. The teacher 
similarly transmits the other two words. In this experiment, the 
children will understand the binary scale as well as the reason for its 
usefulness in information theory and computers. 

Alternatively the children can be given a code as follows : 

10000, 101, 1, 11, 101 

and asked to decipher it. They first read these in the scale of 10. 
They get 16, 5, 1, 3, 5. The sixteenth word of alphabet is P, the fifth 
word is E, first is A and the third is С so that the coded message is 
PEACE. 

This message could also be codedon a peace of paper as 
follows by punching holes in the places given. The child writes 1 in 


place of every hole and 0 for other places on its right and interprets 
the message. 


1 1 А 
11 31 € 
101 5 E | 
Experiment 100 : Other Illustrations of Other Bases 
(a) eee may ШЕ asked to prepare а calendar of some 
Some base say 5. 69 
wood look as follows : T "weno as 
MAY (30334), 
Sunday Monday Tuesday Wednesday Thursday Friday Saturday 
3a - = Е 9 3 
+ 10 11 12 13 14 20 | 
21 22 23 24 30 31 32 
33 34 40 41 42 43 44 
100 101 102 103 


104 110 111 
(b) Two rulers to base 5 may be con 


structed. 

mL s 13 14 20 21 22 23 94 30 31 32 33 34 40 
о add and subtract numb i 

method of experiment » B WA 43 i 
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(c) 


The children may try to develop tests of divisibility in 
various bases e.g., in base 7. 

49c-- 7b +a=(48c-+6b)+(c+b +a) 
-. Cb ais divisible by 2 or 3 or 6 ifa+b+c is divisible 
by 2 or 3 or 6 respectively e.g. 456 is not divisible by 2 or 
6 but is divisible by 3. This shows that while (456), is 
divisible by 2, (456), is not divisible by 2. The tests are 
different for different bases. The numbers which are ‘even’ 
in one base may look odd in another base. 


(4) The children may find ‘prime’ numbers in other bases by 


(е) 


using the method of the sieve of Eratosthenes. 
The children may find ‘truth base’ of statements e.g. 


Statement Truth base 
I have 10 fingers in one hand 5 
444=10 8 

4 


А quadrilateral has 10 sides 
There are 10 months in a 


year 12 

I study in class 10 Class of the student 
A car has 11 wheels 3 

2+2=5 Мо Базе. 
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Stroke Archor Coiled 
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Exercises 


Make a list of all the symbols used in this book and explain 
each one of them. 4 

Find 4+5, 5+4, 54-7, 7+5, (8--4)4-5, 34 (445), (#+5)+7, 
4+(5+7) by using each of the six methods of experiment 2. 
What patterns do you observe ? 


Find 7—3,10—8, 15—5,16—7 by using each of the six methods 
of experiment 3. 


Explain the importance of the place value System for mathe- 
matics, science and technology. 


Prepare the number board made of plywood or cardboard with 
numbers ] to 100 arranged in ten rows and ten columns. 
Discuss all the patterns you observe in its rows, columns and 
diagonals. Where do multiples of 2, 3, 4, 5, 6, 7 and 9 occur 
on this board ? 


Can you suggest some other advantages (or disadvantages) of 
the system of naming numbers in experiment 6. Will the new 
names for numbers require less or more letters in printing 
Read the following passage (using new names): 

11, 13, 17, 19 are prime numbers, 12, 14, 16, 18 are even 
numbers, 15 is neither a prime number nor an even number. 


(а) Write old names and new names for numbers 1—100 in 
Hindi in parallel columns. 


e Faplain the pronunciation of the old names for numbers in 
indi. 


(c) Write names for numbers 1 to 100 in all the languages, о 
India and find which of these languages already use the princip. 

stated in experiments 6 and 7. 
In Egyptian Symbolism, pictures of ropes, flowers, lives ete: 


represented various numbers, The most commonly used symbols 
Were the following : 


10 100 1000 10000 100000 


Lotus Pointed Тадроје 


Heel bone rope flower finger 


| 


10. 


II. 


12. 


Using these symbols, represent the following numbers : 

@) 155, (i) 3456, (iii) 203123 (iv) 99999. 

Make a simple sketch to show the beads arrangement on a nine- 
bead abacus of (i) 354 (ii) 456 (йт) 2345 ^ S Sutin 


-is the abacus in the zero 
state and 


represents 203 


Translate the following Roman numbers into Hindi-Arabic 
numbers, remembering that V, X, L, C, D, M stand for 5, 10, 
50, 100, 500 and 1000 respectively and a bar over a letter 
indicates its value multiplied by 1000: 
( | XXVII (ii) | ХМ 
(hy SEG ( D 

(vii) DCV (viii) ^ MDCLV. 


(iii) |^ CXCV 
(vi) M` 


Represent in Roman notation the numbers represented in Hindi- 


Arabic notation below : 
(i) 356 (ii) 4036 (iii) 400526 (iv) 30006784. 


Solve the following problems without using Hindi-Arabic 


numbers ; 
(i) мру — CCLX (ii) | MCDV + CCXXIV. 


(iii) XLIX + VII (i!) CLV х XXVII. 


Justify the answer given after every question : 


(i Is 4 larger than 5? No 
(ii) Is ‘9’ smaller than '8' 7 Yes 
(iii) Does ‘four’ have four letters 7 Yes 
(iv) Does five have four letters ? No 
(>) Does ‘53’ consist of 2 numbers 2 No 
(vi) Does '2' plus ‘1’ equal 5 ? No 
(vil) Does 2 plus 3 equal 5 7 Yes 

(viii) Can you drink ‘water’ ? | Мо 
(x) Can you write ‘red’ with black lead pencil ? s 


(X) Do we write 2 first in writing ‘26’ 7 


14. 


15. 
16. 


17. 
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Write all numbers from 1 to 50 using four fours only and the 
symbols +, —, X, +, 5 and the symbols for decimal and 
recurring decimal e.g. 1 = 44-44, 2 = 424144, 
3 = 4 + 44 — 424, 

Explain the use of the concept of ‘remaming’ in the context of 
multiplication and division problems. 

(a) Modify the game of five ladders for teaching multiplication 
and division. (5) In each ladder of experiment 16the numbers are 
in arithmetic progression i.e. the numbers increase or decrease 
by a constant amount. Find the sum of numbers in each ladder, 
divide the sum by the number of. terms and find the relation 
between the quotient and the sum of the first and last terms. 
Comment on the result obtained. (c) Study the game of five 
ladders if the numbers are in geometrical progression i.e. the 
cach ladder, they increase or decrease by a constant ratio. 
Verify that the following are magic squares 


(i) (ii) FUE 
п+7 | n |n45 16989 3 13 
п+2 | n--4 | n46 5 11 10 8 
п+3 | п+8| n41 9 7 6 12 
|Ена deu | es 45 S| ef" [ena ERS 
| 
9 14 | 15 | 1 
т (v) lioc am cid 
67 | 1 43 3 71 | 5 23 
13 | 37 | & 53 | 11 S7 JE 
NS 73 7 17/2] SEN ЛЗ 
t CTUM ا کا‎ ү. 
297 | 57 19 | 47 
(v) x ah === i 


Here the squares (ii) and (iv) contain only prime numbers and 
I' while the square (v) is a famous square occuring in a painting 
by Durer in 1514 and has many interesting properties (c.f. 
experiment) i 

18. Verify that the following are magic circles i.e. the sum of 
numbers on each circle and on each diameter is the same. 


Construct more magic circles. 


xg. Verify that the following are magic figures : 


Get more magic figures out of these. 
20. Write the three numbers in each of the following sequences : 


(i) 30,27, 24, 21, 18, een 
(i) 5,9, 13, 17, 21, ... 

(iii) 1, 2, 4; 8, 16, «+--+: bei 
(iv) 1.2, 2.3, 3.4, 45, 5,6, зеет 


T 105} i 
(v) Ti ume ЕУ DE о азот» 
(ДИК BVA OMNI Еул... 
" 1 2 Mur 8716 
(уп) ie а о не 


(viii) ( ,2,3), (2,3,4), (3,4,5), (4516) (5:67); 5... eren 


(їх) (1,2,4) (2,4,8) (4,8,16), (8,16,32) (16,32,64), 


21. 


22. 


23. 
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1 1 1 1 

(x) 1+2+-- ` 2+4 5 SERT > 44 164-55 А 

1 
37 و‎ veas 
(а) Draw addition clocks for adding numbers 1 to 50. 
(b) Draw subtraction clock for subtracting numbers 1 to 50. 
(с) Draw multiplication clock for multiplying numbers 1 to 10. 
Complete the addition table 


5+32+ 


+ 92 143 194 245 296 
= = SE eee 
100 396 
150 395 

200 394 
250 395 
300 392 


Verify that in the гези 
ch 


The above problem can be used for a m di ic-tac- ame 
to be played by the children, ien DEDE E 
only the numbers on the top and left 
child writes one of the twenty-fi 


25. 


26. 


27. 


28. 


29. 


зо. 


31. 


32. 


33. 


In a addition problem O+A=9 
(i) What happens to 27 if both [7] and A are doubled ? 
(ii) What happens to Г] if both 27 and A are doubled ? 


. (iii) What is 27— A equal to ? 


(iv) What happens if V is subtracted from both П and A ? 
Tn a subtraction problem, []— A —Z7, 

(i) What happens to 27 if both П and A are doubled ? 

(ii) What happens to 27 if both [J and A are increased by A? 
(iii) What is A+ equal to 7 

(iv) What happens to 27 if 0 is trebled ? 
In the multiplication problem Ох A= £7; 

(i) What happens to 27 if [] is doubled ? 

(ii) What happens to 27 if both [] and A are doubled ? 
(iii) What happens to 27 if O is doubled and A is halved 7 
(iv) What happens to 27 if [7] is doubled and A is trebled ? 

(>) What happens to 27 if [] is increased by 3 ? 
(vi) What is A when O=% 7 

For all two-digit numbers from 11 to 99, find the number of 
steps required to reach a symmetrical number by using the 
reversed addition process. 

For the reversed subtraction process, find all the cycles for two 
digit, three digit and four digit numbers. 
Will the multiplication of a number by 11, 101, 1001 etc. 
always lead to a symmetrical number ? 

Let] =9, 2=8, 3 =7, 4 =6 so that 1 23 454% 
the number 987 6 5 4, The digits used in this process will 


be 0, 1, 2, 3,4,5,4, 3, 2, 1. Investigate addition, subtrac- 
tion and multiplication problems in this notation. 
Multiply 7 by 8 by using each of the methods of experiments 


Divide 42 by 7 by using each of the methods of experiments 


37—41. 
Given the addition and multiplication tables below : 


34. 
35. 


36. 


37. 


38. 


39: 


49. 
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(а ) Solvethe following problems : 


^ (ii) ОСА 
p fan = AKA 
(iii; АПА j йы! 


Interpret as 2, as3 and as 4 and rewrite the 
5 Б ШЫ What do you find (c.f. experiment 97)? 

Do you see any justification for the notation used ? 
(c) Rewrite the tables of experiment 93 in this notation. 
Prepare the multiplication tables of 2 to 10 by using each of 
the methods of experiments 31—36. 
Write all the division facts in the form 

ra 


L] Li 
Кин Qje Fa OF у 
A A 


where [] is any number from 1 to 100 and A is a number 
smaller than Г] and all numbers considered are natural 
numbers. How many facts of the first type do you get ? 
Find the number of solutions in natural numbers of the follow- 
ing equations : 
(0 х+у=п 
(i) x+y+z=n 
(iii) x+y+z+u=n 
Verify that the number of solution is 
п—1 (n—1)(n—2) (n—1)(n—2)(n— 3) ‹ 
I 12 18259 


Generalise your results, 


Find the number of solutions in natural numbers. of the follow- 

ing inequality 
x+y<n (п=2, 3, 4, 5, оа) 

Generalise your result. 

Find the number of solutions in non-negative integers of the 

equations of exercise 36 and comment on the pattern you get. 

Write numerals for letters so that the following become correct 


problems : 
S END S END 
MORE 
+ MORE = GOLD 
MONEY MONEY 
Write numerals for letters so that the following become correct 
problems : 
FUR NINE SEVEN 
DOG = пым — NINE 
AGER TWO TWO 
DRIP 
FUR 
R IPER 


/ 


41. 


42. 


| 43. 


44. 


45: 


46. 


47. 
48. 


49. 


Бо. 


Select a number for 1, 2, 3, 4, 5, 6, 7, 9 and multiply it by 9. 
Now multiply 12345679 by the product. Comment on the 
pattern you get. 

(a) Show that the remainder obtained on dividing a number 
by 9 is the same as the remainder obtained by dividing the 
sum of its digits by 9. 

(b) Show that the remainder obtained on dividing the sum or 
difference or product of two numbers by 9 is the same as 
the remainder obtained by dividing respectively sum or 
difference or product of the remainders by 9. Find the 
remainders on dividing 987654 and 345671 by 9. Find the 
sum or difference or product of these numbers and the 
remainders obtained hy dividing these numbers by 9. 

Verify (а) and (5) 

Which of the following sets are closed ? 

(i) the set of even numbers under addition. 

(ii) the set of odd numbers under addition. 

(iii) the set of even numbers under multiplication, 

(iv) the set of odd numbers under multiplication. Е 

(у) the set of multiples of 3 under addition and multiplication. 

In which of the following examples is the commutative property 

valid ? 

(i) Taking a shower, removing clothes. 

(ii) Putting on shoes, putting on socks. — 

(iii) Brushing your teeth, combing your hair. 

(iv) Messaging hair oil, combing the hair. y 

(v) Adding sulphuric acid to water, adding water to sulphuric 
acid. 

(vi) Scraping the door, painting the door. 

Give more examples of the same type. 


Use lattice multiplication method to find 
23x 45, 456 x 678, 2345 x 4567. 


State the rule which would enable us to decide which of the two 
given numbers abcdef and parstu is greater where letters denote 
digits. Does the same rule hold in scales other than ten 7 

Rewrite experiments 47— 50 by using the concept of ‘renaming’. 
two-place decimals by natural numbers 


iscuss multiplication cf i 
Uu E f rupees and paise ог of metres and 


by using the concept o CS | ; 
piros and the multiplication of three-place decimals by 
natural numbers by using the concept of kilometres and metres, 


i iti nd subtraction of five-place decimals and their 
Рам и natural numbers by using the concept of 
kilometres, metres and centimetres. 

Give a rule for deciding а5 to which of the numbers abc.def, 
pqr.stuis greater 2. 
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52. 


53. 


54. 
55. 


56. 


57. 
58. 


59. 
бо. 
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Does the commutative law hold for the following operations 
inN? 

(i) a 0 b—b 

(il) a 0 b=a+b+ab 

(ii) а 0 b— ap? 

(iv) a 0 b—a4 p. , 

For which of the above four operations, does the associative law 
hold ? 


In N, give examples of operations which are 
(i) Commutative but not associative, 
(ii) Associative but not commutative, 
(iii) Both commutative and associative, 
(iv) Neither commutative пог associative, 
Give all possible values of Pk 43D if adeb — a, 


In a set an operation 0 is Said to distribute another operation X 
on the right if 


a 0 (b&c)=(a 0 5) (a0 c) 
and 0 is said to distribute x on the left if 
(bxc) 0 a—(b 0 @)*(c 0 а) 
Which of the operations ALTRO EE. distribute the other in 


How many distributive law 
tions ? which of these are 


Use the process of successive a. imati 
dividing 31215 by 15. PProximation to find the result of 


Fill in the Proper operation Signs : 


+ 


э, 


бт. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


79. 


Find simple number names for 

(i) *3x-44--62-:2—*1 

A een зе» секта 
(ii) 4x3-4-6—2—1 
(iii) 3x(—4)2(—6)—2—1 

Write (i) in terms of mirror numbers. 
Show that in N every umben has successor, but does not 
necessarily have a predecessor, but in I every int 

а successor and a predecessor. у dics 
Throw a coin 20 times and move on the number line. Ri 

n - 3 у, t 

this experiment 100 times and find the frequencies wi Whit 
the counter is at —20, —19, ...... 0, 1, да ааа 
Мег у the commutative, associative and distributive laws in the 
system of integers by at least five examples of each law. 


In I, show that 
(i) If a>b and b>c, then ac. 
(ii) If ab and bc, then a<c. 
(iii) If a>b and bz, then арс. 
(iv) If a€ b and b«c, then a<c. 
(v) If a and b are any two numbers, either 
a>b or a=b or b>a. 
Given numbers 1, 4, 8, 12 and symbols +, —, +, X, >, =; 
how many true sentences can you make ? 
If A is father of B, is B father of A ? 
If A is brother of B, is B brother of A ? 
If A is cousin of B, is B cousin of A? 
If A likes B, B likes C, does A necessarily like С? 
If A=B, B=C, is A necessarily equal to С ? 
If A=B (mod 7) B=C (mod 7) is A=C (mod 7) ? 
Extend the table of experiment 68 for multipliers and multipli- 
cand going from —10 to 10. 
Illustrate the laws of the system 
the help of the number line, 
examples for each case. fiat 
he number line between —95 and >. 
dus are yall at = iid 5 when he reaches 5, he is sent back 
to 4 and when he reaches —5, he is sent back to —4. 


Fi the drunkard is after 10 steps. Repeat the experi- 
Hem oua and find the relative frequencies of the positions 


—4, —3, —2, —1, 0, 1, 2, 3, 4. 


of integers geometrically with 
taking at least two different 
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71. 


72. 


73: 


Verify for particular sets : 
(i) AUB=BUA 
(8) ANB=BNA 
(iii) (AUB)UC=AU (BUC) 
(iv) (ANB) AC=AN (BNC) 
©) AU(BNC)=(AUB)N(AUC) 
(vi) AN(BUC)=(ANB)U(ANC) 
(vii) Аџф=А 
(ут) Апф=Ф. 
Show that the following are null sets : 
(i) The set of all natural numbers which are not equal to them- 
selves. 
(ii) The set of integers whose Squares are negative. 
(iii) The set of all hundred-storeyed buildings in India. 
Give more examples of null sets. 
Give a set of numbers which is 
(i) Closed for addition and multiplication, but is not closed for 
subtraction and division. 
(ii) Closed for multiplication but not for the other three 
Operations. 
(iii) Closed for subtraction, but not for the other three 
Operations. 


74. Distinguish between a line, a line Segment and a ray. 
75. Discuss the Possible intersection sets of 


(i) two lines (ii) three lines (iii) two planes 
(iv) three planes (У) three planes and а line 
(vi) three planes and two lines (vii) four planes and a line. 


76. Draw curves and Polygons which are 


(i) open (ii) closed 

(iii) closed but not simple (iv) simple closed 
(v) simple closed but not convex 

(vi) simple closed and conyex, 


Find the shortest path between a i 
| ny two re 
convex region (b) a non-convex И Роша 


77. Make cardboard and Plasticine models of about twenty different 
ase, 


78. Find the Н.С.Е. and L.C.M. of 14 


polyhedra and verify Euler's formula in each case, 


79. Find the truth sele of the following Open sentences when the 


replacement set is 
(9 O< 
(8) +A=4, O+A=5, 94 A=6 
68) C-A«6, Г]+Г]1<6 
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(у) O—A<4, П— A24 
(0 Ox д=>=4 
(vi) Ox A «36. 
8o. Find the truth sets of the above sentences when the replacement 
set is I and draw their graphs. С 
81. Connect the consecutive points in the following set by line 
segments : 
(2, 3), (7, 3), (10, 1), (8, 4), (10, 6), (8, 6), (10, 10), (7,7), (5, 10), 
(5, 6), (3, 6), (3. 9), (1, 9), (1, 8), (2, 8), (2, 3). 
Draw also the line segments joining (3, 1)to (4, 3) and (5, 3) 
to(6, 1). What figure do you get ? 
82. If the replacement set is J, draw the graphs of truth sets of the 
following open sentences : 


(i) |x| =4 (i) y= 1х1 
(й) |x| + |у| =5 (iv) y> 1x1 
T where | x | denotes the absolute value of x so that 
13123, 1—31 =3. 


In I, find the truth sets of the following open sentences and 


draw their graphs : 
(i) x?--y?=25 (ii) x*-++-y?=100. 
On what curves do the points lie ? 

84. Solve the equations graphically : 


83. 


(i) x+y=13, xy=36 
(ii) х+у=13, х—у=1 
хе +у'"=25. 


(iii) х+у=7, 
85. Take a graph paper. 
at the lattice points. 
(i) The number of lattice 
(ii) The number of lattice points inside the polygon. 
(ту The number of squares which are completely within the 


polygon or more than half inside it. , ? 
Do you find any relation between sum of (i) and (ii) and (iti) ? 
86, Draw a number of polygons in the first quadrant and with 
vertices at lattice points. Find the values of x+y, Х— У 2х+3у 
at all the lattice points within and on each polygon. Where is 
the value maximum in each case ? 


87. Find the truth set of 


Draw a number of polygons with vertices 


For each polygon, find 
points on the polygon. 


| O+Ata=65 | 
and try to represent it graphically. 
88. Find the truth sets of ^ 
| © OFA+a-6& беда Liu Uu 
(i) 0+4+2=6, Ade, PE 
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89. 
90. 


91. 


52. 


93: 


94. 


95. 


96. 


97. 


98. 


99. 


100, 
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ind all prime numbers less than 150. 
a aa all eras factors of 24, 36, 48, 56. Are the factors 
unique? 

Is п —n--41 a prime number for all values of n ? 

Find the next three numbers in the following sequences : 

G) 1,3, 4, 7, 11, 18, 29, 47, [CES 

(i) 1,3, 8, 22, 60, 164, 448,...... 
(iii) 1, 1, 1, 3, 5, 9, 17, 31, 57, 105,...... у 

Find the remainders when the following numbers are divided by 
5, 7,9, 11, 13, and 17 : 

643251, 32571, 45678. 

Write addition and multiplication tables for arithmetic modulo 
5 and verify all the properties mentioned in experiment 93. 
Write addition and multiplication tables for arithmetic modulo 
6 and modulo 8. Which properties here differ for those of 
experiment 93? Do N and I satisfy all these properties ? 


Given 14243 +4+5+6=21, deduce as many results from it as 
you сап, 


Give ten examples of the following types : 
() P > о and Q 
(6) P > 0 and Q 

Q 


Vy 


() P 2 О and 


G) (1234), x (2341), 
(ii) (23456), + (34562). — (12345), 
(iii) (1100100), + (101), 

Find binary codes for the following : 


(i) MATHEMATICS 15 INTERESTING. 


(i) MATHEMATICS 15 А DYNAMI UAL 
МЕТЕ CAL INTELLI CT 


(iii) ABSTRACTION PRECISION 
ARE CHARACTERISTICS 
Prepare calendars for 1970 in bas 


ELEGANCE AND DEPTH 
OF MATHEMATICS, 


es 5, 7 and 12, 


ets Wes 
Library 


) % 

С) E E 
k E 

i = в 


NS Calcutta œ 


X A c «n н 


P 


TC DDT ва ны ICS ће > o aim — 


